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ANALYSIS OF A COUPLED SYSTEM OF KINETIC EQUATIONS
AND CONSERVATION LAWS: RIGOROUS DERIVATION
AND EXISTENCE THEORY VIA DEFECT MEASURES

M. TIDRIRI

ABSTRACT. In this paper we introduce a coupled system of kinetic equations
of B.G.K. type and then study its hydrodynamic limit. We obtain as a con-
sequence the rigorous derivation and existence theory for a coupled system
of kinetic equations and their hydrodynamic (conservation laws) limit. The
latter is a particular case of the coupled system of Boltzmann and Euler equa-
tions. A fundamental element in this study is the rigorous derivation and
justification of the interface conditions between the kinetic model and its hy-
drodynamic conservation laws limit, which is obtained using a new regularity
theory introduced herein.

1. INTRODUCTION

In this paper we shall study the following coupled kinetic system:

(1) [0+ a() - Bulf.(x,0, ) = é(X“e@vt)(“) C () in QX V x (0,7),

(2)  fe(z,v,t) = feolz,v,t) on T'7 x (0,T),
(3)  [fe(z,v,t) = ge(w,v,t) on I'; x(0,7T),

@) [0+ a(v) - Dulge (v, ) = %(st(x,t) (0) = ge(a,v,0)) in Q, x V x (0,T),

(5)  ge(z,v,t) = ger(x,v,t) on I'y x (0,7),
(6)  ge(z,v,t) = fe(x,v,t) on Tf x (0,7),

(7)  felz,0,0) = f2z,v) in Y xV g(z,0,0) = g2(z,v) in QyxV
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and study its relation to the coupled system

1 .
(8) [at + a(v) ! aa:]f(xa ’U,t) = G_Z(Xu(x,t) (’U) - f(xvvvt)) m Ql XV x (Oa T)a
) fzv,t) = folz,v,t) on Iy x(0,T),

(10)  f(z,v,1) = Xw(z,n(v) on Iy x(0,T),

(11)  Oww + 05, [As(w)] =0 in Q4 x (0,T),
(12)  boundary conditions for w on I'y x (0,T") and T'; x (0,7T),

(13)  f(z,v,0) = fo(x,v) in Q xV w(z,0)=u’(z) in Q.
Here, ; = (0,1) x R Q= (1,1) x R with 0 <1< 1, and 2 = (0,1) x R¢1

are resp. the kinetic, hydrodynamic, and physical domain and d is the dimension
of the spatial domain. The boundaries are defined as follows:

' = 04NoQ, Ty=00,n00, I;=0QnN0%0,,
7 = {(z,v) €{0} xR xV: a(v) n(x) <0},

Iy = {(z,v) e {} xR xV: av) nm(z) <0},

I, = {(z,v) e {1} xR xV: a(v) ny(z) <0},
Ty = {(z,0) €0 xV: a(v) n(z) =0},

Tog = {(z,v) €0y xV: a(v)- ng(z) =0},

where n; resp. ny denotes the exterior unit normal vector to €2; resp. Q4. In the
sequel we will denote by n any exterior unit normal vector; it will be clear from the
context which normal we mean. We shall assume that I'g; has measure 0 in 9€; x V'
for the measure dydv and that I'gg has measure 0 in 94 x V' for the measure dydv.

The boundary conditions in (2] for the conservation laws are prescribed on a
part of T'; resp. T's. These boundary conditions together with those in (I0) will be
made precise in Definition Bl The set V' = R is the velocity domain and T is a
positive constant.

The function f describes the microscopic density of particles at (z,t) with veloc-
ity v in the kinetic domain. The function w describes the local density of particles
at (z,t) in the hydrodynamic domain.

The functions f. and f resp. g¢. describe the microscopic density of particles
at (z,t) with velocity v in the kinetic resp. hydrodynamic domain. The physical
parameter €; resp. € > 0 is the microscopic scale in the kinetic resp. hydrodynamic
domain. The functions f2 and g° are the initial data while f.o, fo, and g1 are the
boundary data. The boundary conditions in Eqs. (@) and (@) describe the transmis-
sion conditions between the two kinetic equations. The local densities of particles
Ue, u, and w, at (x,t) are related to the microscopic densities f., f, and g. by
uc(z,t) = [, fe(z,v,t)dv, u(z,t) = [, f(z,v,t)dv, and we(z,t) = [, ge(x,v,t)dv.
The boundary condltlons in (II?J) also 1nvolve w1 Wthh is a given boundary data;
see Definition Bl below. The boundary conditions in Eqs. () and (I2)) describe
the transmission conditions between the kinetic and the hydrodynamic domain. Let
A = (A;)1<i<q with components related to a;(-) by a;(-) = 4;(-),i=1,--- ,d. We
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assume that the functions a;(-) € C*“ for some a > 0. The collisions in the kinetic
equations are given by the nonlinear kernel in the right-hand side of Eqs. (), (@),
and () in which x,(v) is the signature of u defined by

1 if 0 <o <u,
(14) Xu(v) =< -1 ifu<wv<0,
0 otherwise.

This problem is a particular case of the more general coupled systems consisting
of Boltzmann equations and their hydrodynamic limits introduced and studied
in [21, 22| 23] (see also the references therein). These problems are introduced
in order to solve the problem of intermediate regimes in gas dynamics. Their
practical importance in real life applications has been successfully proven in [21]
22] 23] (see also the references therein). A complete mathematical theory of these
methodologies in the case of a Carleman simplified Boltzmann model has been
developed by the author in [23]. Here we shall study a nonlinear Boltzmann model
which is a bit more general. The study of the hydrodynamic limit of the model in
(@) in full space was done by Perthame and Tadmor [16], Perthame [T5], and the
author [26, 27]. They proved that this model converges as the microscopic scale
goes to 0 to a conservation law of the form in (). In the case of bounded domain
such study is performed by the author in [26] [27]. Further studies using this model
and closely related models can be found in the references in [15].

Here we study this nonlinear model in the context of domains with boundaries
and coupling of Boltzmann equations and their hydrodynamic limits. More pre-
cisely we shall study the hydrodynamic limit of the kinetic system ([I)-() as the
microscopic scale € — 0 in €,. As a consequence we shall rigorously derive and
establish the existence theory of the system (B)-(I3). Systems (I)-(d) have been
introduced by the author in [25], where he established the hydrodynamic limit anal-
ysis of this kinetic system and rigorously derived system (®)-(13)). In [25], the author
made the additional assumption that the initial data are in BV,.. Here we shall
remove such an assumption, however, we shall make a nondegeneracy assumption
on the flux.

A fundamental element in this study is the rigorous derivation of the inter-
face conditions between the kinetic model and hydrodynamic conservation laws
limit. This is obtained using a new regularity theory developed here. Besides its
intrinsic merit, we expect that the study developed here of the interfacial kinetic-
hydrodynamic problem may provide methods and ideas that might help solve other
problems involving interfaces between physical phenomena of a different scale and
nature.

In the next section we shall study the kinetic system and give various information
about its solution. These results have been proved in [25]. We shall also give some
results about generalized Green and Gauss-Green formulas for bounded Radon
measures and about the weak traces for a particular class of functions. In Section
3, we shall introduce the kinetic formulation of the coupled system (8)-(I3) and
prove its equivalence to system (B)-(I3) in the sense of Definitions Bl and B2 In
the fourth section we prove that the solution of the kinetic system converges to a
solution of the system given by the kinetic formulation. Finally, in the last section
we prove that the system (B)-(I3) has an entropic solution in the sense of Definition

B
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2. COUPLED SYSTEM OF KINETIC EQUATIONS

In this section we shall present some basic results about the kinetic system (II)-
(@). These results and their proofs were obtained in [25]. However, for the sake
of completeness and independent reading we will give below the proofs of such
results. We begin with stating a result about the well-posedness of the kinetic
system (I)-(@). We then establish various properties of the solution, including L,
L', and BVj,. uniform estimates. These estimates will be used for the study of
the hydrodynamic limit of system (I)-(7) as ¢ — 0 in Q4. We shall also use the
following notations:

Qo = {(z,v,t) e Y xV x(0,T):21—ai(v)t <0},

Qe = {(z,0,t) e Y xV x(0,T): 21 —ay(v)t >1},

Qoo = {(z,0,t) ey xVx(0,T):0<z1 —ay(v)t<l}

O = {(z,0,t) € Qe xV x(0,T): 21 —ai(v)t > 1},
Qa1 = {(z,0,t) € Y xV x(0,T): 1<z —ai(v)t <1},
Qaa {(z,v,t) € Qy xV x (0,T) : 1 — a1 (v)t < I},

where z = (21, Ty ).

2.1. Existence theory. We have the following existence and uniqueness result.
Theorem 2.1. Assume that
fle ' (QxV), ¢¥e L} (Q, x V),
a(v) - nifo € LY x (0,7)), a(v)-ngga € L*(Ty x (0,7)).

Then

(i) The coupled system ([@)-({@) has a unique solution (fe,g.) in
Lo([0,T]; LY (S x V7)) x L*°([0,T]; LY(Q, x V)). Moreover, (fe,gc) satisfies the
integral representation

x

IS Jufon,t) = el fem VA0, — S50, 0t~ o ()
1 t
+— e(s—t)/elxue(z(s)’s) (v)ds.
€l Jt—z1/a1(v)
[l — X1 xr1 — l

InQy  fo(x,v,t)=gc((1, 2o+ ——ax(v)),v,t — —))exp(—(xl —1)/€ea1(v))

a1(v) a1 (v
1

t
+€_l / zq—1 e(s_t)/qxug(:c(s),s) (v)ds.

ay(v)

L[ e
InQa  felz,v,t) = fo(z — a(v)t,v)eap(~t/er) + e—l/o U a(5).) (V).

In Qua gs(x,v,t)—ff((l,x*—i—laz(f)l ax(v)),v,t — "le(;)l)exp(—(xl—z)/(al(v)e))
1

t
s [ s

€

ay (v)
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L[ ane
InQar ge(w,v,t) :gg(x—a(v)t,v)erﬂp(—t/eHE/O e N (), (V) ds.

11—z 1 — 1
In Q) € a?t:e 17* — Q% ,,t—— 1—
n g =gt )t~ Ly epl(1 ) s (1)
L[ (s=t)/
_ s—t)/e d
T /Hl,l e Xwe(a(s),s) (V) ds,

ay(v)

where z(s) = x + (s — t)a(v), © = (r1,2x), and a(v) = (a1(v), ax(v)).
OnT; x(0,T), we have:
Forl<l—ta(v) <1,
ge((la {E*), v, t) = eit/ﬁgg((l - ta‘l(v)v Lo — ta*(v))v U)

L[ o
+E/0 e(s 8/ X'wg(;c(s),s)(v)ds'

For1 <1l —tai(v),

1-1 1-1
(L), v, t) = el=D/aa®g (1.2, + — —a,(v)),v,t +
g (( ) ) g (( al(v) *( )) al(v))
1 t
+_/ 6(5715)/6)(1116(:8(3),8)(v)ds'
€ Jpq 1ot
ay(v)

We also have a similar formula for f. on T x (0,T).

(ii) Let (fe,g¢) and (Fe,Ge) be two solutions of (M)-(@) with corresponding
densities uc(z,t) = [y fe(z,v t)dv we(z,t) = [, ge(z,v,t)dv and U (x,t) =
Jy Fe(z,v,t)dv, We(z,t) fv (z,v,t)dv; and let O, ¢°, feo, ge1 resp. FO, G2,
F, Gd denote the correspondmg data. Then for any 0 <t < T, we have

[fe = FellLr@uxvy + ll9e = Gellro, xv) + lla(v) - n(fe = FOll prrt x (0,0))
+ [la(v) - n(ge — Ge)HLl(r;x(O,t))
< = Fllprquxvy + 192 = Gl xvy + lav) - n(feo = Folll i or «(0.0))
(15)
+ [la(v) - n(ga = Ge)llLyr; x(0,0))-

Proof of Theorem Bl We begin by proving (ii), which states a result about the
uniqueness and the continuous dependence of the solution on the data. The idea
of the proof is to use a combination of the author’s method [20), [21] and ideas from
[10].

The function F, satisfies an equation similar to Eq. (). Subtracting this equa-
tion from Eq. (), and multiplying the resulting equation by

Y1 = Sgnu(fe - Fe)lbl(ﬂb"t)

with zsgn”(z) > 0, x € R, where 9 is a nonnegative test function and sgn* is
a regularization of sign function, and integrating by parts, and letting u — 0, we
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obtain

/ Uﬂ—ﬂwmww+/' a(v) - nlf. — Fuliby
QxV

T x(0,8)

+ [ a@nlf= Bl [ aw)nlf- Bl
I x(0,t) 7 % (0,t)

1
+_/ |fe_Fe|7/}1
€1 JQ,xVx(0,t)

1
B 6_1 /QZXVX(O,t)(Xue - XUE)Sgn(fe - Fe)wl + /lev(|fe - Few)l)('a ;0)
(16)
_ /7 a(v) - n|feo — Feolth +/ (9 + a(v) - 8,) ()| f. — F..
Iy x(0,¢) QxVx(0,t)

Using the properties of y, this yields
[ U= Eloott+ [ aw)als- Ele
XV Ty x(0,t)

+/pj><(0,t) a(’U) ’I’L|f€ - F€|w1 + /FTX(O’t) Cl(’U) . ’I’L|f€ _ F6|w1
< Lmﬂﬂ‘“%”~®‘£M&;M%mm—ﬂwu

(17) +/ (0 + a(v) - 2) (1) f. — Fu|.
QX V x(0,t)

Similarly, multiplying Eq. @) by @2 = sgn*(g. — Ge)wa(z, t) with ¥9 a non-
negative test function in C*(Q, x [0,77]), and proceeding as above, we obtain an
inequation for g. — G, similar to Eq. (IT7). Adding this inequation to Eq. (I7),
taking ¢ and w9 such that ¢; = ¢ on I'; x (0,T), and using the transmission
conditions, we obtain

[ e Epoott+ [ (o= Gva)n
XV Qg xV

e el Eli [ o) ol = Gl
< AMJM—EMK~®+LX<M—QWMwm

g

—/ m»nmwmmm+/' (0 + a(v) - 0,) ()| f. — F.

'y x(0,t) QxVx(0,t)

(18) —/ (mmmm—amw+/ (0 + av) - 0,) (¥2)ge — G,
T x(0,t) Qg xVx(0,t)

Now taking 11 (t) = ¢2(t) = 1 yields the estimate (I3).
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To prove the existence of a solution to the kinetic system, we introduce the
following iterations:

0+ a) 011 2, 0,8) = 2 (apen (0) = £ o 0,1)) i XV X (0,T),
it (@, v, t) = folx,v,t) on T7 x (0,T),

o (@, v,t) = gn T (z,0,t) on T; x (0,T),

[0 + a(v) - O.)g" T (z,v,t) = %(Xw;“fl(x,t) (v) — gm ™ (z,v,t)) in Qy x V x (0,T),
gt (2, v,t) = geol(,v,t) on Ty x (0,7),

git (z,v,t) = f2 (2, 0,t) on T x (0,7),

fr (2, 0,0) = f(2,0) it (x,0,0) = g2 (z,0).

Using (I6) in the present context with f. = f"™! and F. = f™*! and the
properties of y, we obtain

/ (1. = Feltba) (-1 1) +/ a(v) - nlf. — Fuliby
QxV

I x(0,t)

+/ a(v)'nl.fﬁ_Fehbl
T} x(0,t)

i

1
L ORI ATy \fe — El
' % (0,t) €1 Jy xVx(0,t)

(19) < + = f + / (0 + a(v) - B) (W)l fe — il

€1 JxVx(0,t) QxVx(0,t)

Similarly taking g. = ¢g?*! and G. = g™*!, and using the properties of y, we
obtain

/ (Igc — Gelin) (1) +/ a(v) - 1glge — Geltr
QyxV

I x(0,t)

+ / a(v) - nglge — Celiba + / a(v) - nglge — Geltha
I x(0,t) ' x(0,t)

(200 < / (O + av) - 82) (92)lge — G,
Qg xVx(0,t)

Taking ¥ = 1y = e_%s, 0 < s < t, with « a positive constant, adding the equations
in (I9) and (Z0), and using the transmission conditions and the properties of x, we
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obtain
(e = Felin) (1) + / (196 — Geltba) (1)
XV Qg xV
1+«
+/ nlf. — F|
QxVx(0,t) €l
+ [ a@enlf- Bl [ a)nylg - Gl
7 % (0,t) T % (0,t)
o 1
@1 o+ / @ halge — Gel < 17— F
Qg xVx(0,t) € €1 JO xVx(0,t)

Hence we obtain

1
(22) / Bl fr - < / 7= £,
QxVx(0,t) l+a QxVx(0,t)

This and a reuse of (2I)) proves that the iterations are contracted to a fixed point
in L°°((0,T); LY (4 x V) x L*((0,T); L*(Q4 x V)), which satisfies Egs. () and
@) and also the boundary and initial conditions @)—(3]) and ({B)—(d) (use the arbi-
trariness of the functions ¢ and s together with the above convergence). We also
infer from the inequality ([B) that the solution (f, g.) depends continuously on the
initial and boundary data. The fact that (f, g.) satisfies the integral representation
is a direct consequence of the characteristic method. The proof of Theorem [ZT] is
now finished. ([

Remark 2.1. The proof of the well-posedness of the uncoupled kinetic equations
relies on a fixed method based on the integral representation of the solution (see
[16, 26]). Because of the transmission boundary conditions, a direct application
of the integral representation fails to give contracting operators. It is possible,
however, to prove the continuous dependence of the solution on the data using an
alternative form of the integral representation.

2.2. Kinetic entropy. We shall prove the following entropy inequality for the
solution of the kinetic system.

Theorem 2.2. The solution to the kinetic system satisfies the relations

(28) - / IR R AT / a(v) - minlge — Xl

T; x(0,T)

+/ a(v) - nr|feo — Xkl
I % (0,T)

- —/ a(v) - fe — Xl —/ a(v) - mnlf. - xil
I} x(0,T)

7 %(0,T)

+ l/ (Xu, = fe)rsgn(fe — xx)
QxVx(0,T)

€1
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and

(24) — / (0 + a(v) - ) (2)lge — x| + / a(v) - ngtialfe — xil
QyxVx(0,T) T

Fx(0,1)
+/ a(v) - ngha|ger — xx| < 0
r; x(0,T)
Vi € Co( x V x (0,T)), Yoo € C5(Qy x (0,T)), 12 >0, Vk € R.

Proof. Multiplying Eq. () by ¢1 = sgn”(fe — xx)¥1(z,t) and Eq. @) by @2 =
sgn(ge — xx)¥2(z,t) (see the proof of Theorem 2.]) and proceeding as in the proof
of Theorem 2], we obtain Eq. (23)) and similar equation for g.. Now using the
properties of x, we obtain Eq. (24)). The theorem is now proved. O

2.3. Basic estimates of the solution. We shall state and prove here some basic
estimates for the solution of the kinetic system. We begin with L>° estimates of f,
and ge.

Lemma 2.1. Assume that
”feO”Lac(rl—x[o,T]) < Cla ||98||L°°(Qg><V) < C2;
||feO||L°°(Ql><V) < 037 ||g€1||Lw(F;X[O,T]) < C(4
with Cq,Cq,Cs,and Cy independent of €. Then f. and g. are uniformly bounded
resp. in L= (Q x V x [0,T1) and L>®(Qy x V x [0,T]). Moreover we have
”fe”oo + ||ge||oo < 2||f60||Lac(F1—><[o,T]) + 2||98||L°°(Qg><\/) + 2||feo||L°°(Ql><V)
+2||g61||L00(I‘2_ x[0,1)) T 8.
Finally, we have that f6|8ﬂl+x(0,T) is uniformly bounded in L™ (8Ql+ x [0,T]) and
9eloat x(o,) i uniformly bounded in L>(0QF x [0,T7).
The proof of this lemma is a direct consequence of the integral representation
of the solution given in Theorem m(l) and the assumptions on the initial and
boundary data; see also [25].

Next we present estimates of f., ge, ue and w, in L®([0,T]; L*(y x V),
L>([0,T]; LY (2 x V), L>=([0,T); LY (€)) and L>=([0,T]; L*(€y,)), respectively.

Lemma 2.2. Assume that
12 uxvy < Cry 11921, xv) < Co,
la(v) - nlf60||L1(F;><(o,T)) < Cs, |la(v) 'nggelnLl(F;X(o,T)) <Cy
with Cy,Cs, C3, and Cy positive constant independent of €. Then f. and g. are uni-
formly bounded resp. in L°°([0,T); L*(Q x V) and L>([0,T]; L' (2, x V)), and u.
and we are uniformly bounded resp. in L>([0,T); L*(%)) and L>=([0,T]; L' (y)).
Moreover, we have
[[tell oo (0,712 () + l[well L (0,712 (2,))
< |\ fellzoe 0,121 (@ xvy) + 1gell oo (0,771 (2, xv))
< [la(v) - nlfeOHLl(rl— x(0,7)) T lla(v) - nggeIHLl(F; x(0,T))

+ ||feo||L1(Q,xv) + ||98||L1(ngv)-
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The proof is a direct consequence of formula (I5) with F, =0 and G. = 0.

Next we shall show that under the conditions that the supports in v € V of
the data are compact, the supports in v € V of the solutions f. and g. remain
compactly supported with supports included in a fixed compact set independent of
€. We shall also give some information about the speed of propagation a(v).

Lemma 2.3. Assume that
foe ' xV), ¢¥eL}(Q, x V),
a(v) -nifo € LY x (0,T)), a(v)-ngga € L*(Ty x (0,T))
and
[ feoll e (= x 0,77y < €1y N9ellLoe @, xv) < Co,
12l @uixvy < O3y llgetll oo (rg xpo.77) < Ci

with Cq,Cs,C3, and Cy positive constant independent of €. Assume also that the
initial and boundary data f0, feo, g°, and ga are compactly supported in v € V.
with supports included in a fixed compact set independent of €. Then we have

(i) ue and we are uniformly bounded resp. in Ly x[0,T]) and L>=(Q,x[0,T]).

(i) fe and ge remain compactly supported in v € V with supports included in a
fixed compact set independent of €.

(iii) The speed of propagation a(v) is finite.

Proof. (i) Use the integral representation of the solution given in Theorem [21] and
follow the same lines of the proof of a similar result in the uncoupled case given in
[26]. The main difference is the treatment of the contributions to the integral over
Q x(0,T) and Q4 x (0,T) involving the interface conditions. This can be handled
using the integral representations given in Theorem 2.1i). We skip the details.

(ii) Now set too = SUP.sqlltell oo, x[0,77) a0d Woo = SUP s llwell Lo (2, x[0,77)-
The terms Y, and Y., in the integral representation in Theorem [2:1] are supported
by v € [—Uno, Uoo] U [—Weo, W], the other terms are supported by v in the compact
supports of the boundary and initial data. Thus, for all t € [0,T], f. and g remain
compactly supported, with compact supports included in Supp, f° U Supp,, feo U
[—Uoos Uso) TESP. SUPP, g2 U Supp, ge1 U [—Woo, Woo], which in turn are included in a
fixed compact set independent of e.

(iii) Set uco = SUPesolltell Lo (@ x[0,7)) and Woo = Supg>0||w6||L°°(Qg><[O,T])' By
(i) above, these definitions make sense. Let S = supp, f0 Usupp, feo U [~ oo, Uoo] U
supp, 92 Usupp, ge1 U[—Weo, Woo]. Then the support in v of fe resp. g is included in
S. Now set aco = SUP;<;< N yes|@i(v)]. We conclude that sup;<;< v pe 51,08, 1@ (V)]
< oo, where S1; = {v € supp, fe(z, ., 1), (x,t) € Q x (0,T)} and S1o = {v €
supp,ge(, ., t), (x,t) € Qg x (0,7)}. The lemma is proved. O

2.4. Gauss-Green formula. Let X be an open set of R?. Assume that
Iy ={(z,v) €0X xV: a(v)- n(x) =0}

has measure 0 in X x V for the measure dydv. Recall from the introduction that
this condition is satisfied for I'g; and I'gg.
Let WP denote the space

WP = {ue LP(X x V x (0,T)); (9 + a(v) - dp)u € LP(X x V x (0,T))},

where 1 < p < co. Then we have the following theorem.
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Theorem 2.3. Let K be a compact set of (0X)™ x (0,T) (resp. (0X)* x (0,7)).
Then the mapping

u — u|K,
defined on D(X x V x (0,T)), can be extended to a continuous mapping from WP
to LP(K). As a consequence the functions of WP (p € [1,+00)) have a trace in
LY ((0X)™ x (0,T)) (resp. L1 .((0X)" x (0,T)). Here (0X)~ and (0X)" are

defined according to the definition of I'™ and T'" given in the Introduction.

When a(v) = v, this result has been proven in [6]. The proof for the case of
general a(v) satisfying the assumptions made at the beginning of this paper and
above, is based on a slight modification of the proof for the case a(v) = v. As a
consequence of the above theorem, we have the Green’s formula

Theorem 2.4. Let f € W. Then V¢ € CH(X x V x (0,T)) we have
/ 0+ ae)-ouls0+ | 100+ alv) - 0.J0
XxVx(0,T)

XxVx(0,T)
(25) = / a(v) - n(x) fipdydodt + / a(v) - n(x) fypdydvdt.
(0X)*tx(0,T) (0X)—x(0,T)

Now let U € RY be an open bounded subset whose boundary OU is regular
Lipschitz deformable [4]. That is, we have

(i) Yu € OU,3r > 0 and a Lipschitz map v : R¥~! — R such that after rotating
and relabling coordinates if necessary,

UQQ(U,T) = {y € RN : 7(:’/17 7yN*1) < yN} ﬂQ(U,T),
where Q(u,7) = {y € RN : |u; —y;| <7, i=1,--- N}
(ii) 3 : OU x [0,1] — U such that ¥ is a homeomorphism bi-Lipschitz over its
image and ¥(u,0) =u, Vu € oU.
(iii) Let 0U, = ¥(9U x {z}), z € [0,1] and let U, be the open subset of U whose
boundary is OU, and WV is as in (ii). Let ¥, : QU — U be such that ¥, (u) = ¥(u, z)
for any (u,z) € OU x [0,1]. ¥, and ~ satisfy

limit, ,op+ D¥, 0oy =Dy in Llloc(o)a

where O denotes the greatest open set such that v(O) C 9U.

When 9U is such that (i) and (ii) are satisfied, we say that OU is Lipschitz
deformable and V¥ is a Lipschitz deformation of QU. If a Lipschitz deformable
boundary QU satisfies (iii), then the Lipschitz deformation ¥ of U is called regular.
Examples of domains whose boundaries are regular Lipschitz deformable include
bounded domains with smooth (C? for example) boundaries; star-shaped domains
and those satisfying the cone property; see [4].

Let v : ¥(OU x [0,1]) — R¥ be such that v(u) is the unit outward normal to
OU, at u € U, = ¥(IU x {z}) defined a.e. We have [4]

Theorem 2.5. Let F be a function in L>=(U;RYN) whose divergence is a bounded
measure. Then there exists a continuous linear functional F - v|ay over Lip(OU)
such that

<F-u|3U,q5>:/Uqbdz'vF+/UV¢-F V¢ € Lip(RM).

Moreover, the normal trace F - v|gy is a function in L>°(0U) satisfying

I1E - vl Lo ov) < ClIF| Lo ()
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for some constant C independent of F' and
(F - vjgu, ) = ess limit, .o Yo U F-vdHN =1 Wi € Lip(dU).
oU,
3. KINETIC FORMULATION OF THE COUPLED KINETIC-HYDRODYNAMIC SYSTEM

We begin by introducing a definition for a physically correct solution to problem
(©)-(T).
Definition 3.1. Let f € L>([0,T]; L*(Q; x V)) N L>=(y x [0, T]; L*(V)) and w €
L>(Qy x (0,T))NL>([0,T; L' (2,)). We say that (f,w) is a weak entropy solution
of system (B))-(I3)) if the equations (8) and (1) are satisfied in the distribution sense,
the weak traces of f on I'} x (0,7) and I'; x (0,T) and y,, on I'; x (0,7) exist,
and the following holds:

- / [0, + a(v) - 8)(wn)f + / a(v) - v fo
QxVx(0,T)

'y x(0,7)
" /rh(o,m #v) nlw1f+/r: %(0,T) (v) nlwlxw+/l‘j'x(0,T) a(v) -muy f
1
(26) =— Xty (V) = f(,0,8)) (11)

€1 JO,xVx(0,T)

- / (w — KOs + sign(w — k) (A(w) — A(K)) - Vaths)
Q4 x(0,T)

4 / osign(wy — k) ((A(wr) - ng)~ — (A(K) -n)”)
2% (0,T)

@) 4 [ alw) mgalf ~ul <0
'} x(0,T)
Vi € C (U x V x (0,T)), Vaby € C3(Qy x (0,T)), to >0, Vk€R
and the initial conditions
(28) f(2,0,0) = fO(z,v) in Y xV wx0)=uwz) in Q.

Remark 3.1. (i) Since by definition f € L>°([0, T|;L (2 x V))NL>(Q;x [0, T|;LY(V)),
fe LY x(0,T)x LY(V)) and (0; + a(v) - 8z)f € L' (4 x V x (0,T)) (see the
equation satisfied by f). Thus, we can apply Theorems 23 and 241 Therefore, the
trace of f on (9§%)T x (0,7) isin L}, .((9%)T x (0,T)). This justifies the integrals
involving the boundary terms of f. The existence of the weak trace of x,, is proved
in Theorem ET0l which is given at the end of the paper. For more details consult
the proof of Theorem 8

(i) Below we shall make precise the boundary conditions for w on 9§, x (0,T).
Taking 12 € C} (2, x (0,T)) in the definition above, we obtain

(29) O¢lw — k| + divisgn(w — k)(A(w) — A(k))] <0 in D'(Qy x (0,T)).

Therefore Oi|w — k| + div[sgn(w — k)(A(w) — A(k))] is a bounded measure on
Qy x (0,T). Set F = (Jlw — k|,sgn(w — k)(A(w) — A(k))); then it is clear that
F e L>(Q, x (0,T); R™1). On the other hand, using the above,

divy z F = 0w — k| + div[sgn(w — k) (A(w) — A(k))]
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is a bounded measure on U = Q, x (0,T). Hence we can use Theorem [25] which
yields

ess limit,_.q / ¢o \I';1F - vdH?
U,

- / $(Belw — k| + divlsgn(w — k) (A(w) — A(K))])
Qg x(0,T)
(30)
+ / (lw — k0w + sgn(w — k) (A(w) — A(K)) - Vod) ¥ € Lip(RTH),
Q,x(0,T)

whe{e v = (v1,vs) and ¥ were introduced in the previous section. Taking iy = ¢ €
C3(Qy x (0,T)), 12 > 0, in Definition [ and using 29) and (30), we obtain

—ess limitzﬂo/ ¢ oW tsgn(w — k) (A(w) — A(k)) - vodH?
Q4 x(0,T)
+ / S(Orlw — k| + divlsgn(w — k)(A(w) — A(K))))
Q4 x(0,T)
4 / asign(wr — k) (A(wr) - 1g)~ — (A(K) - ny)")
T2 x(0,T)
# [ ae) ngelf <l <0,
Fx(0,T)
For 15 € C§ (09, x (0,T)), this yields
—ess limitzﬁo/ ¢ oW tsgn(w — k) (A(w) — A(k)) - vedH?
00y x(0,T)
T / asign(wr — ) (A(wr) - 1g)” — (A(K) - ny)")
D2 x(0,T)

GU 4 [ aW)mlf -l <o
rFx(0,T)
This in turn yields

—ess limitzﬁo/ Yo 0 U sgn(w — k) (A(w) — A(k)) - vodH?
W(Tyx{z})x(0,T)

+/F x(0,7) Yosign(wy — k) ((A(wr) - ng)~ = (A(k) -ng)") <0
(32) Wiy € C3(Iy x (0,T))

and

—ess limitz_,o/ o 0 U sgn(w — k)(A(w) — A(k)) - v.dH?
U(Tix{z})x(0,T)

# [ ao) ngvalf -l £0
7 %(0,T)
(33) Wiy € CJ(T; x (0,T)).

This clarifies the boundary conditions for w.
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Let fi(x,v,t) and g(z,v,t) be functions defined respectively in ; x V' x (0,7T)
and Q4 x V x (0,T). We introduce the following system:

1 .
34 (Xul(;c,t)(v) - fl((E,’U,t)) in & xV x (OvT)

€1

[at + a’(v) ! aﬂﬂ]fl(xa ’U,t) =

35
36

(34)

(35)  filz,v,t) = fo(x,v,t) on I'y x (0,T),

(36)  filz,v,t) = g(z,v,t) on T; x (0,T)

(37)  [0¢ + a(v) - Oglg(z,v,t) = 88—7: in Qy;xV x(0,7)

(38) g(xav7t) = X'w(gc,t)(v) in Qg XV x (OaT)a

(39)  g(x,v,t) = Xuw, (z,0)(v) on Ty x (0,T),

(40)  g(z,v,t) = fi(z,v,t) on TF x (0,7),

(41) m nonnegative bounded measure in Q4 x V x (0,7,

(42)  fi(z,v,0) = fO>z,v) in Y xV g(z,0,0) = ¢%x,v) in Q, xV,

where fo, w1, and f° were introduced in Section 1. The function u; is related to f;
by u; = fv f1. The function g is related to w® by

(43) go(x,v) = Xuo(z)(v) in Qg x V.

The boundary conditions in (B5), @B4), (39), and [@0J) will be made precise in the
following definition of a solution to the above system.

Definition 3.2. We say that
(fi9) € (L([0, T]; L' (4 x V) N L¥( x [0, T]; LX(V)))
x (L2([0,T]; L' (g x V) N L=(Q x (0,T); L'(V)))

is a weak solution of the system (34)-(22) if the equations (34) and (37)) are satisfied
in the distribution sense, the weak traces of f; on I'l x (0,7) and on T’} x (0,7
and g on I'; x (0,T) exist, and we have

-/ @+a) 0000+ [ alw) iy
QxVx(0,T)

I'7 x(0,T)

+/ a(v) - n1fi +/ a(v) - nirg
¥ x(0,T) T, x(0,T)

49+ / a(v) - fi = ~ / Xartoty (@) — ful, v, 0)) (1)
'} x(0,T) QxVx(0,T)

€

and

- / (81 + a(v) - B)()lg — Xkl + / a(v) - el — x|
Qg xVx(0,T)

I x(0,T)

@) + [ e walfi- <0
I} x(0,T)

Vi € C3(Qu x V x (0,T)), Vibo € C3(Q x (0,7)), 12 >0, Vk e R
and the initial conditions

(46) filz,v,0) = fO(z,v) in 4 xV g(z,v,0)=g¢°z,v) in Q, x V.
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Remark 3.2. Notice that Remark BTl applies here also.

The following theorem states the equivalence between the two systems (®)-(13)
and (@)-@).

Theorem 3.1. (i) Let f € L*([0,T]; L*(Q x V)) N L>®(Qy x [0,T); LY(V)) and
w € L*°(Qy x [0,T]) N L>([0,T7; L' (Qy)) solve [B)-(I3) in the sense of Definition
BT Set fi = f and g(x,0,8) = xuiro(v). Then fi € L2(0,T); L' x V)N
L x [0,T); LY (V) and g € L>([0,T]; L1 (2, x V)) N L>®(Q, x [0,T); LY(V))
solve in the sense of Definition 3.2 the system BA)-E2) for some m supported in
Qg x [-Rg, Ryg] x (0,T) with Ry = ||w||po.

(i) Let fy € L([0, T} L' x V) N L( % [0,T]; LX(V)) and g € L((0,T];
LY(Qy x V)N L>(Qy x [0,T]; LY(V)) solve BA)-@2). Set w(x,t) = [, g(z,v,t)dv
and f = fi. Then w € L>®(Q, x [0,T]) N L>([0,T]; L*(,)) and (f,w) solves
@®)-[@3) in the sense of Definition Bl

Remark 3.3. The kinetic formulation of the coupled system (B])-(I3]) given above is
inspired from the kinetic formulation of conservation laws with boundaries intro-
duced by the author in [27], which is in turn based on the generalization of kinetic
formulation introduced in [IZ] to conservation laws for domains with boundaries.

Proof of Theorem Bl. We begin with the proof of (i). The construction of m, the
proof of its boundedness, and the proof that g and m satisfy Eq. (B7) are similar
to those given in [12]. Therefore we refer to that paper and give detail only for the
new aspects of the formulation, which are related to the boundary and transmission
conditions.

Using Eq. (26) in Definition Bl we conclude that (f;, g) satisfies the first part
of Definition B2 i.e. Eq. (@). Now using Eq. (Z7) and the properties of ¥,
we conclude that (f;,g) satisfies the second part of Definition B2, i.e. Eq. (HT).
Finally, since (f, w) satisfies the initial condition (Z8), using (@3] and the properties
of x, (f;,w) satisfies the initial condition (48]).

We now prove the second part of the theorem. Eq. (B) is clearly satisfied. On
the other hand

dg d dg
(47) <at+;az(v)-axi,h®l>—0
Vh € D(2y x (0,T). Using the properties of x, we conclude that Eq. () is satisfied
in the distribution sense.

We now wish to prove that the remaining requirements in Definition Bl are
satisfied. First, using Eq. (@), Eq. (Z0) is satisfied. To prove that Eq. (Z7) is
satisfied, we just use Eq. (@5) and the properties of y. Finally, since (f;, g) satisfies
the initial condition (#6)), using ([@3) and the properties of x, (f,w) satisfies the
initial condition (28). The theorem is now proved. (]

4. ANALYSIS OF THE KINETIC FORMULATION

In this section we shall study the behavior of system (I)-([7), as the microscopic
scale in €, tends to 0. We prove that as e — 0, the solution of the coupled kinetic
system converges to a solution of system (B34))-(@2). The existence theory for the
system (8)-(I3) will be deduced from Theorem Bl using the kinetic formulation of
the coupled system.
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In the sequel, we shall assume that €; = (0,1) and Q4 = (I,1). It is not difficult
to generalize our proof to the case € = (0,1) x R4 and Q, = ([,1) x RI~1.
Throughout the rest of this paper the terminology convergence of h. as € — 0 means
convergence up to a subsequence of h, still denoted h., and does not necessarily
mean convergence of the whole sequence. Also ess lim, .o will simply be denoted
by hmzi,o.

We first introduce a nondegeneracy assumption on the curve: v — a(v) in R9.
This relation is needed in order to use regularity results for the averages. Assume
that the initial and boundary data satisfy

12 @uxvy < Cry llgellnie, xvy < Ca,

la(v) 'nlf60||L1(F1—><(o,T)) < Cs, |a(v) 'nggeIHLl(F; o,y < C1,

||fe0||Lac(r;><[0,T]) < Cs, ||98||L°°(ngV) < Cs,

£l = @uxvy < Oy llgerll poorg xpo.77) < Cs
with C4,---,Cg positive constants independent of €. Assume also that the initial
and boundary data f0, f., ¢°, and g1 are compactly supported in v € V with
supports included in a fixed compact set independent of e. Then by Lemma
ue resp. w, is uniformly bounded in L*([0,T]; L' ()) resp. L*([0,T]; L*(Qy)),
and by Lemma 23] u, resp. w, is uniformly bounded in L*(€; x [0,7T]) resp. in
L>(Qy % [0,T]). Let Ro denote the common bound of u. in L>([0,77; L' (%))
and L (€ x [0,T]) and of w, in L>([0,T]; L*(Q,)) and L>=(Q, x [0,7]). We then
make the following assumption on the curve a(-):

(48) meas{|v] < Roo, 7+a(v)-£ =0} =0 V(7,§) € RxQ, such that e =1.

This condition was introduced in [12]. In the case d = 1 this relation is actually
stronger than a related condition introduced by Tartar [18]. For the description of
examples of fluxes A satisfying (8] and examples of fluxes A where this condition
fails, we refer to [12].

We begin with a compactness result for u..

Theorem 4.1. Assume that
ol o < €t 180(osev) < Cor 1= (@usr < O,
Igell Lo ry xpo,py < Cas IFllLruxvy < Css 192Nty xv) < Cé,
la(v) - nufeoll 1 rr w0,y < €75 Nla(v) - nggerll pars x 0,7y < Cs

with Cy,i =1,--- |8, positive constants independent of .

Assume also that the initial and boundary data f0, feo, g°, and g1 are compactly
supported in v € V' with supports included in a fized compact set independent of e.
Finally assume that ([A8) hold. Then a subsequence of u. = fR fedv (still denoted
ue) converges strongly in L' (€ x (0,T)) to a function u € L (€ x (0,T)).

The proof of this statement is based on the following averaging lemma.
Theorem 4.2. Let f € LI( x V x (0,T)), let
Of /0t +a(w) -Vuf € LIy xV x (0,T)),q > 1,

let fli—o = f° € L=®(Q x V), and let f|oa,)- = fo € L=(0)™ x(0,T)). Assume
also that [@R) is satisfied.



ANALYSIS OF A COUPLED SYSTEM OF KINETIC EQUATIONS 2149

Then [, fdv € W9y x (0,T)) for any s, 0 < s < inf(1/q,1—1/q), and

II/Vfd”UIIww < C(fo, YW Nlza + 110F/0t + a(v) - Vaf La)-

When a(v) = v Theorem is exactly the same as the averaging lemma given
in [9 1] and proved in [9]. Therefore our lemma is a slight generalization of the
lemma in [9] [I]. The proof is similar to the proof given in [9].

Proof of Theorem Bl First, we observe that Lemmas 2.212-3] show that f. and
Ofe/0t + a(v) - Vg fe are uniformly bounded in LI(Q x V' x (0,T)) for any ¢ > 1.
Lemma 2], together with the transmission condition (B)) and the integral represen-
tation in Theorem 2] shows that f6|F; is uniformly bounded in L>=(I'; x (0,T)).
Moreover, we know by assumption that f.o resp. f° is uniformly bounded in
L>(T] x (0,T)) resp. L*(; x V). Therefore we can use Theorem and the
uniform boundedness of u. in L>(; x (0,7)) to infer that a subsequence of .
(still denoted u) converges in L(€; x (0,T)) to a function u € L'(€; x (0,T)).
This concludes the proof of the theorem. O

Theorem 4.3. Assume that

erO”LOO(F;x[QT]) < Ch, ||98||L°°(Qg><v) < Cs, ||feo||L°°(Ql><V) < Cs,
Igetll oo oy w0,y < Cas N Lr0uxvy < Cs, llglllzra, < vy < Co.
la(v) 'nleOHLl(F;x(o,T)) <Cr, |a(v) 'ngyelllu(p;x(oj)) < (g

with Cy,i =1,--- |8, positive constants independent of .

Assume also that the initial and boundary data f0, feo, g°, and g1 are compactly
supported in v € V' with supports included in a fized compact set independent of e.
Finally assume that [@8) holds. Then:

(i) A subsequence of fe (still denoted f.) converges in L™ weak-* to a function
FEe€LX(Q xV x[0,T]) and f satisfies Eq. (34).

(ii) A subsequence of f. (still denoted f.) converges strongly in L'(Q;xV x(0,T))
to a function f € L' (4 x V x (0,T)) and u= [, f.

The proof of the first point in (ii) of Theorem K3l relies also on the following
result [26].

Theorem 4.4. Let U be a bounded open subset of RY and let v,, be a sequence in

L} (U). Assume that as n — oo, the sequence v, converges strongly in Li, (U) to
ve L (U). If vy, is uniformly bounded in L°>°(U), then v, converges strongly to v
in LY(U).

Proof of Theorem EE3. (i) Using Theorem ETla subsequence of u,. converges strongly
in L1(; x (0,7)) to a function u. Hence by the properties of y, Y., converges
strongly to x. in L*(€; x V x (0,7T)). Using Lemma 1] a subsequence of f. (still
denoted f.) converges, as ¢ — 0, in L>(Q; x V x [0,T]) weak- to a function
fe L™ xV x|0,T]). Moreover, (0 + a(v) - 05 ) fe converges to (0; + a(v) - 0z) f
in the distribution sense. We also know from above and from the diagonal process
to subtract a further subsequence, if necessary, that a subsequence of ., converges
as € — 0 to x,, strongly in L*(€; x V x (0,7T)) and that f € L>(Q; x V x [0,T]).
Therefore f satisfies Eq. (&) a.e.
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(ii) The function f. satisfies Eq. (I). Subtracting this equation from Eq. (B4,
and multiplying the resulting equation by ¢, a test function in C*(€; x V' x [0,T7),
with compact support in « to be made precise later, and integrating by parts, we
obtain

/ (%—fﬂ%mﬂ—/ (e — D)) 0)
QxV

QxV

—/‘ (0 +a() - 0)(@) (e — )
QxVx(0,t)

(49) -1 (O, — xa) — (fo = D).

€1 JQ xVx(0,t)

We recall that the trace of f at the initial time exists since (0 + a(v) - O)f
and f are in L' N L®. We then take ¢ = sign”(f. — f)u(z,t) with zsign”(x) > 0,
x € R, where 1 is a nonnegative test function and sign” is a regularization of sign
function. Plugging in ([#9) and passing to the limit as g — 0, we obtain

/ (m—ﬂw@»w+1/ fo— fl
QxV €l JO xVx(0,t)

1 .
_ _me@ﬂu%—xmgmﬂ—ﬁw+/ (Uf. — Fl)e.0)

6[ Q],XV

(50) +/‘ (O + av) - ) ()| f. — 1.
QxVx(0,t)

In particular we have

/ Oﬂ—ﬂ@@uﬂ+l/ fe— flo
OxV €1 JOxV x(0,t)

(51) -1 (X, — x)sign(fe — F)o

€l JOxV x(0,t)

+/ (@ + av) - 3) W) f. — fI
OxXVx(0,t)

for any open set with O C €, and 1 for any Lipschitz continuous function in
O x V x [0,T] with compact support in z in O and such that ¥(.,.,0) = 0.

Let U and O be open bounded subsets of §; such that U ¢ O ¢ O C ;. Let
1 be a Lipschitz continuous function in O x V' x [0,T] with compact support in x
in O and satisfying (., .,0) = 0, such that U C supp,% C O. Then (B2)) holds for
such % and O.

We wish to prove that

1
(52) kéﬂﬁﬂ—ﬂhuﬂ+g[%vﬂwﬁﬂ—f%nam

forany t € (0,7] and any 0 < n < t < T. It is enough to prove this relation for U of
the form U = (y — a, y + «), where a > 0 is any positive real such that 0 < y —a <
y+a<l. Let 3>0andy>0besuchthat 0 < y—a—0—y<y+a+0+v<L.
Let 0 < t1 < T be such that asot;s = 8. Let O = (y—a—aoot1 — 7,y + @+ aoot1 +7)
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and let ¢ € (0,¢1]. Now consider the function

0 0<z<y—a-—ax(t—1)—"7,
0< 1<,

%(m—y—l—a—i—aoo(t—T))—l—l Yy—a—ax(t—7)—y<z
<y-—a-—ax(t—-71), 0<7<U,

1 y—a—ax(t—7)<zx<y+a

vrle,m) = Fan(t—7), 0<T<t,
%(y—l—a—i—aoo(t—T)—x)—kl y+ataot—7)<z<y+a
tas(t—7)+7, 0<7<t,
0 ytatax(t—7)+y <z <l
0<7<t,
and
wg(m,r):(f%

Now let (x,7) = ¥1(x, 7)2(x,7), 7 € [0,t], and = € ;. It is clear that ¢ is a
nonnegative Lipschitz continuous function in O x V' x [0, T'| with compact support in
2z in O and U C supp,¥ C O. Thus, plugging ¥ in (62) and using the fact that x,,
converges strongly in L1(Q; x V x (0,T)) to x, yields (52)) for t € (0,t1]. Now let
to > t1 be such that a(t2 — t1) = 3. Proceeding as above and using the fact that
Jorsev [fe = fI(, - t1) converges to 0 as € — 0, we conclude that [, ., [fe — f[(-, -, 1)
and é foVx(tl,tQ) | fe — f| converge to 0 for any ¢ € (¢1,t2]. Continuing this process
we conclude that [, . |fc — f|(-,-,t) and éfoVx(n,T) |fe — f] converge to 0 for
any t € (0,T] and any 0 <n <t <T.

Therefore, f. convergesin Li, (Q;x (0, T); LY(V))NL>®([n, T); L}, .(u; L1 (V))) to
f. Now using Lemma 23 supp,, fe is included into a fixed compact set independent
of €. Therefore, since f. converges to f in L}, and f. is uniformly bounded in
L xVx[0,T]) (Lemma[ZT), we may use Theorem [l to infer that f. converges
strongly to f in L*(; x V x (0,7)).

Finally, since [, . 7y |ue = [y fI < Jo, v w0 [fe = f| and since the limit is
unique, u = fv f. The proof of the theorem is now completed. O

Remark 4.1. Notice that in the course of proving Theorem F3], we have proved that
fe converges strongly to f in L>([n,T]; L1(€ x V)) for any 0 < n < T.
Theorem 4.5. Assume that
erO”LOO(F;x[QT]) < Ch, ||98||L°°(Qg><v) < Cs, ||feo||L°°(Ql><V) < Cs,
Ige1ll oo oy w07 < Cas £ Lr(0uxvy < Cs, 192l a, xvy < Co,
la(v) 'nleOHLl(F;x(o,T)) <Cr, |a(v) 'ngyelllu(p;x(oj)) < (g
with Cy,i =1,--- |8, positive constants independent of .

Assume also that the initial and boundary data f0, feo, g°, and g1 are compactly
supported in v € V' with supports included in a fized compact set independent of e.
Finally assume that @) holds. Then:

(i) A subsequence of we = [, gedv (still denoted w,) converges in Ly, (4% (0,T))
to a function w.

(ii) The strong convergence in Llloc is actually a strong convergence in L'.

(i) A subsequence of ge (still denoted g.) converges in L>®(Qy x V x (0,T))
weak-x to a function g and g = X -



2152 M. TIDRIRI

The proof of point (i) in Theorem relies on an extension to domains with
boundaries of a compactness result introduced in [I2]. This general compactness
result is a variant of compactness results shown in [[7]. The extension result is given
in the following theorem.

Theorem 4.6. Let 1 < p < 2, let g be bounded in LY (Q, x R, x (0,T)), let h

loc

belong to a compact set of LP(Q2y x Ry x (0,T)), and let r > 0. We assume that g
satisfies

d
0 0 .
(53) a—i - ;ai(v) axgi = (—Aps + DYA(=A, +1)"?h inD,
where a(-) € CpY with s =r, a =1 if r is an integer, s = [r], and a =7 — s if r
is mot an integer. Let ¢ € )i (R,) with compact support. Finally, we assume that
a(-) satisfies @R). Then, [, gidv belongs to a compact set of L}, (€4 x (0,T)).

loc

The proof of this theorem relies on a slight modification of the proof of the
related result for the domain R? x R, x (0,00). The proof of the result on the
domain R% x R, x (0,00) is given in [12] and proved there; see also [7].

The proof of point (ii) in Theorem 5] relies on Theorem [£:4]

Proof of Theorem EEH. (i) For the proof of point (i) of this theorem we follow [12];
see also [27] and refer to it for more details. We first notice that using Lemmas
ZIHZ32, g. is uniformly bounded in LI(Q, x V x (0,T)) for any ¢ > 1. Second, we
prove that we can write %(Xwe(z,t) (v) —ge(z,v,t)) as Om,/Ov with m. a nonnegative
measure on {2y x R, x (0,T") bounded independently of ¢ > 0. By applying Sobolev
embeddings with p < (d +2)/(d + 1), we conclude that m. is bounded in

W=sP(Q, x R, x (0,T))

for (d+2)/p’ < s < 1. Then Im¢/Ov can be written in the form of the right-hand
side in (53) for r > 1+ (d + 2)/p’. Taking ¢(v) = I|__ g_j(v), we conclude the
proof of the first assertion in the theorem.

(ii) We now proceed in proving the second assertion. Using Lemma 23] and the
diagonal process to extract a further subsequence, if necessary, a subsequence of
we converges in L™ weak-x to a function w € L>(Qg x [0,T]). Therefore, since
Qg x (0,T) is bounded, we can use Theorem 4] and conclude that the strong L},
convergence of w, is actually a strong L' convergence.

(iii) Using Lemma 211 a subsequence of g. converges in L> weak-* to a function
g € L*(Qy x V x [0,T]). The fact that g = x. results from using equation (@),
the strong L' convergence of Y., to X (through (ii) above and the properties of
the function x), the L* weak- convergence of g., and the uniqueness of the limit.
The theorem is now proved. O

Next we give some convergence properties of g. and their relations to those of
We.

Theorem 4.7. Assume that
[ feoll oo r x o,y < C1s 192N L0, xv) < Cas [l Loo(yxvy < Cs,
Ige1ll e oy xo.7) < Cas £ Lr(0uxvy < Cs, 192l a, xvy < Co,
a(v) 'nlfeOHLl(F; x(0,1)) < C7, la(v) 'ngg€1||L1(F2_ x(0,T)) < Cg
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with C;,i=1,--- |8, positive constants independent of €.
Assume also that the initial and boundary data f0, feo, g°, and g1 are compactly
supported in v € V with supports included in a fired compact set independent of €.

Finally assume that [@8) holds. Then
(i) For any real k,

/V |ge — Xk|dv — |we — k| =0 0 in Li,.(2, x (0,T)).
(i) For any b(-) € L>(V),
/V b(0)lge — xldv — sgn(w, — k) /V b(0)(ge — xp)dv —e0 0 in Ll (Qy x (0,T)).
(iid)

] 1o = ko = o= = = .

/ a:(0)lge — xeldv = sgn(we — k) / ai(0) (e — x)
1% 1%
= sgn(w — k)(A;(w) — A;(k))

- / a: () X = X
%4
Here the over bar notation indicates the L weak-x limit.

Proof of Theorem B, The proofs of (i) and (ii) are exactly the same as the proof
of Lemma 3.4 of [T6]. The proofs of (iii) and (iv) are similar to the proofs of
(3.17), (3.18), and (3.19) of [16]. In [16], the authors make the assumption that
a subsequence of we (in their notations u.) converges strongly to w: we — w (in
their notations u. — u; see (3.9) in [16]). Here we know from Theorem EL0l that w.
converges strongly in L!(Q, x V x (0, T)) to w. Hence in our case the use of (3.9) in
[16] must be replaced by the use of Theorem 5l Also in our case the justification
of the weak-+ L>°-limit of the various quantities (after extraction of appropriate
subsequences, if necessary) results from Lemmas 2] and 23] O

Next, we state a result about the existence of a solution to the kinetic formulation
of the coupled system given in (34)-(@2).

Theorem 4.8. Assume that
erO”LOO(F;x[QT]) < Ch, ||98||L°°(Qg><v) < Cs, ||f60||L°°(Ql><V) < Cs,
Ige1ll e oy xo.7) < Cas £ Lr(0ixvy < s, Mlglllza, < vy < Co,
a(v) 'nlfeOHLl(rl— x(0,1)) < Cr7, lla(v) 'nggeIHLl(F; x(0,T)) < Cg

with C;,i=1,--- |8, positive constants independent of €.
Assume also that the initial and boundary data f0, feo, g°, and g1 are compactly
supported in v € V' with supports included in a fized compact set independent of e.
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Finally assume that {48) hold and that as e — 0,

(54) 19(+) = xwoy llze, @, xz1(vy) — 0,

(55) fO— fO strongly in L'(Q x V),

(56) a(v) -nfo — a(v) -nfy weakly in L*(T] x (0,T)),

(57) a(v) -nga — a(v) -ng1 = a(v) - nxw, strongly in LTy x (0,T)).

Then f. converges strongly in L'(Q; x V x (0,T)), as € goes to 0, to f, and g.
converges in L (Qy x V x (0,T)) weak-* to g, and (f, g) is a solution of the system
B4)-[@2) in the sense of Definition 3.2

Remark 4.2. A fundamental point in Definitions Bl and of solutions to the cou-
pled systems is the precise statement of the interface conditions between the kinetic
model and its hydrodynamic conservation laws limit. The rigorous derivation and
justification of such interface conditions is given in the following theorems.

Theorem 4.9. For any vy € CL(Q x V x (0,T)) and for any k € R, we have
(58) lime—o / a(v) - mlfe - xxl = / a(v) - n | f — Xil-
I} x(0,T) '} x(0,T)
Theorem 4.10. For any ¢2 € C}(Qy x V x (0,T)), we have
(59) limeﬂo/ a(v) - nibag. = / a(v) - naXw.
r; x(0,7) r; x(0,7)

The proofs of Theorems [OHL.T0l will be given at the end of this section. The
proof of Theorem .10 relies on a new regularity theory introduced in this paper;
see also the author’s papers [27, 25].

Remark 4.3. Theorem is obtained under various assumptions including the
assumption that the data f2, fe, g%, and g1 are compactly supported in v. In fact
this theorem is also valid when these data are not necessarily compactly supported
in v. The proof is based on a BV-regularization argument.

Proof of Theorem 8. Using Theorems (1] 3], and 5] a subsequence of fe, u.,
and w, (still denoted f., u., and w) converges strongly in L! resp. to f, u, and
w. Now using Theorem F.5 a subsequence of g, (still denoted g.) converges in L™
weak-x to g = x4. It is clear that

(f,9) € (L2([0, T} LN x V) N L% x [0, T} LY (V)
X (L([0,T] LN(Qg x V) N LY (g % (0,T); L'(V))).

We shall first prove that the first assertion in Definition is satisfied; that
is, we wish to prove that Eq. (BZ) is satisfied. Using the above we know that
[0: + a(v) - Oy]ge(x,v,t) converges to [0: + a(v) - Oz]g(z,v,t) in the distribution
sense. Proceeding as in the proof of Theorem [H and following [12] (see also [27])
we can write 2 (o (z.)(v) — ge(2,v,t)) as dm./Ov with m. a nonnegative measure
on Q4 x R, x (0,7) bounded independently of ¢ > 0 and which converges to the
unique measure m given in (31); i.e.

(60) [0 + a(v) - Oz]g(z,v,t) = %—7: in Q, xV x(0,7).
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Hence the equation (31) is satisfied. We now prove the second part in Definition
B2 Using Theorem 2.2, we have

- / (0 + a(v) - ) (W)lge — xa| + / a(v) - ngalf. — x|
QyxV x(0,T) +

I x(0,1)

+/ a(v) - ngalger — xk| <0 Viho € C5(Qy x (0,7)), tho >0, Vk € R.
s x(0,T)

Using Theorems [45] 7, and [19 and (&), and letting ¢ — 0 in the above
inequality, we obtain

- / (@ + a(v) - 02)(2)lg — xk| + / a(v) - ngalf — Xl
Qg xVx(0,T) T

I x(0,T)

+/ a(v) - ngthalxw, — xk| <0 Vipy € C5(Qy x (0,7)), ¢2 >0, Vk € R
Iy x(0,7)

with g = Xw.
For the local problem (problem in () we know that f satisfies (B4); see Theorem
3. On the other hand f. satisfies for any 11 € C3(Q; x V x (0,T))

[ @era) s [ at)wife
QxVx(0,T)

Ty x(0,7)

+/ a(v) - ny fe +/ a(v) - nhage
T x(0,T) ;7 x(0,T)
1
(61) +/ a(v) : n¢2fe = _/ (Xu5 - fe)wl'
FTX(OvT) €l QxVx(0,T)

Using Theorems (1] and E3, together with the properties of , the first term
converges to

(62) -/ (0 +a(v) - ) (0) ]
QxVx(0,T)
and the right side in (GI) converges to
1
(63) - (6 = Fo.
€1 JOxVx(0,T)

Using (Bd), the second term in (GII) converges to
(64) [ aw mirhe
Iy x(0,T)

Now let 11 € C3(Q; x V x (0,T)) be such that ¢; =0 on 'y x V x (0,T) and on
I'; x (0,T). Multiplying equation (34) by 1 and integrating by parts, we obtain

/ a(v) - mnf = / (0 + alv) - 0,) (1)
Fx(0,T) QxVx(0,T)

1
(65) +6—l /Ql ><V><(O,T) (Xu a f)wl
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On the other hand multiplying Eq. (IJ) by ¥ and integrating by parts, we obtain

[ awymng = | (0, +a(v) - 2 (W) e
I x(0,T) QxVx(0,T)

1
(66) i | (. — .
€1 JQ,xVx(0,T)
Thanks to (62) and (E3)), letting € — 0 in (B6) and using (63]), we obtain
(67) limiteﬂo/ a(v) - npy fe = / a(v) - ni1 f.
'} x(0,T) '} x(0,T)
By a similar method, we obtain
(68) limiteﬁo/ a(v) - niy fe = / a(v) - ny f.
¥ x(0,T) ¥ x(0,T)
Using the transmission condition (&) and Theorem EI0 we obtain
(69) limiteﬂo/ a(v) - ny fe = / a(v) - N1 Xw.
0y x(0,T) Ty x(0,T)
Thus, letting € — 0 in (B1) and using (62), ©4), 63), [@7), @), and @), we
obtain

- / (0 + a(v) - 0.)(n) f + / av) -y fo
QxVx(0,T) Ty x(0,T)

+/ a(v) - ny f +/ a(v) - NP1 xw
I x(0,7) Iy x(0,T)
1
7 . = _ w — .
(70) +f oy 0 = / vy e I

Finally, thanks to the L' strong convergence of f. and assumption (55), f satisfies
the initial condition in @2). Now set w? = fv gl. Since ¢° satisfies condition
(54) and the support in z of g¥ is included in a fixed compact set independent
of € and ¢° is uniformly bounded in L*(Q, x V), we may use Theorem (4] to
infer that g° converges strongly to Yo in Ll(Qg x V). Thus, by the properties
of x, w? converges strongly to w’ in L. Moreover, we know from Theorem
that w, strongly converges in L' to w. We then conclude that w(-,0) = w(")
and by the properties of x and Theorem E.5liii), g(-,-,0) = Xxwo(.)(-). Hence, g
satisfies the initial condition in ([42)). Therefore (f,w) is an entropic solution in the
sense of Definition B.2] to the system ([B4))-(#Z). The proof of the theorem is now
complete. (I

Proof of Theorem EQ. Let ¢ € C{ (4 x V x (0,T)) be such that 1y =0 on I'; x
(0,T)and y1 =0on Ty x V x (0,T). Using Theorem 22 we have

/ a(v) - minlf. - Xl
't x(0,T)

_ / (0% + a(v) - 0) (1) f- — x|
QxVx(0,T)

1

(71) +1 / (Xu. — frsign(fe — xx) Yk €R.
€1 Joxvx(0,T)
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Using Theorems E.T] and together with the properties of y, the right side in
(1) converges as e — 0 to

/ (O + av) - 0:) (1) — il
QxVx(0,T)

(72) +l/ (Xu — f)brsign(f — xx) VEe€R.
€1 JuxVx(0,T)

Since f satisfies Eq. (34)) (Theorem E3) we can define the trace of f and apply
Green’s formula to equation (B4) (Theorems [Z3] and [Z4). Proceeding as in the
proof of Theorem [2Z2] (see also [25]) we also have

[ atw) -l
rF x(0,T)

- / (O + a(v) - 0z) (V1) f — x|
Q xVx(0,T)

1

(73) i | (v = Pssign(f —xi) Vh € R
L JQxVx(0,T)

Therefore taking the limit as € — 0 in (7)) and using ([(2) and (73)) we obtain
1) timeo [ a@emlfooal = [ a)wslf -l
It x(0,1) ' x(0,T)

which corresponds to (G8]). O

Proof of Theorem B0 The proof is split into 5 steps.
Step 1. We give the equation satisfied by the function g.

We already know that g. is uniformly bounded in L! and L*° (Lemmas 2]
22, and Z3) and the limit g = y, (see Theorem EH(iii)) is in L'. Moreover,
[0¢ + a(v) - Oy]ge(x,v,t) converges to [0: + a(v) - Oz]g(x,v,t) in the distribution
sense. Proceeding as in [12] and [27], we can write (X, (2.0 (v) — ge(z,v,t)) as
Om/0v and equation (@) in the form

(75) [Or + a(v) - Op)ge(z,v,t) = ag;be in Qy xV x(0,7)

with m. a nonnegative measure on , x V' x (0,T) bounded independently of ¢ > 0
and which converges to the unique measure m given by

(76) [0r + a(v) - Ox]g(x,v,t) = %—T: in Qy xV x(0,7)

and whose support in the variable v € V is included by Lemma in a compact
set of V' [—Ry, Ro] (since the supports of the measures m. are included by the
same lemma in a fixed compact set independent of €). In fact, we can deduce from
the above equation and the form of g that the support in v € V of m is actually
included in [~ R, R], where R = ||wl||s. For more on this consult [12]. We shall
take R = max(Ry, R), then the support of me, ge, Xw. and m are all contained in
the fixed compact set [—R, R].

Step 2. We prove the existence of the normal trace of the flux ga(v) on the
boundary.

Let ¢ € C&(Q, x (0,T)) with ¢ =0 on T'y x (0,T) and

Vi={veV: a() nyg(z) > 0 for some z € T;}.
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Notice that I'; x V— =T';.
Let o € C§(V) with ¢ =0 on V\ V™~ be fixed. Let F = ([,, g, [}, a1(v)ge, -+
Jiy aa(v)ge). Tt is clear from the proof of Theorem [A3] that F' € L>*(Qy x (0,T)).

We shall prove that div; . F' = d; [, ggp—i—zgzl Oz, [}, ai(v)ge is a bounded measure.
Let v € C} (92, x (0,T)). Using Eq. (76)), we obtain

(77) [0+ a(v) Blgp @) = — /Q oo B

Thus we have

(78) iveaFo) = = [dupvdm.

Since m is a bounded measure on Q4 x V' x (0,T) and 9yp € Co(V), divy o F' is
also a bounded measure on Qg % (0,T). Now F' € L>(Q, x [0,T]) and divy . F is a
bounded measure. Therefore, we can apply the Gauss-Green formula of Theorem
with U = Qg x (0,7) and we obtain in particular

(F - vlorat) = / Pdive o F + / Viww-F W eCh@y % (0,1))
U U
= ess limit, o YoV 'F . vaH!.
ouU,

Here V;, = (0, 05) and v(u) is the unit outward normal to U, at u € OU,.
This is equivalent to

—/ Ovpthdm + / 910t + a(v) - 0¥
Qg xVx(0,T)

QyxVx(0,T)

= ess limit, o Yo U F - vdH .
oU,

Taking 1 € C§(Qy x (0,T)) with 1 = 0 on dU \ (I'; x (0, T)), the above equations
yield

(79) - / By pipdm + /Q oo $6l0 ) Oul

= (F-v

rox(0,7),¥)

= ess limitz_,o/ YoV 'F . vdH"
T((Tix(0,1))x{=})

(80) ess limitzﬁo/ Yo U tpga(v) - vdH!,
(0 x(0,T))x{z})xV

where a(v) = (ag(v),a(v)) = (1,a(v)).
Step 3. We prove the convergence of the traces on I'; x (0,T).

Using the integral representation Theorem BI] we infer that g. converges L
weakly star on I';” x (0,T) to a function § € L>(I'; x (0,T)). Hence, we have

(81) lime_o / a(v) - ndg. = / a(v) -nég. Vo € LNIT x (0,T)),
I x(0,T) 7 x(0,T)
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where we have also used Lemmas[Z.3l In particular, we have

(82) lime_o / a(v) - nprpge = / a(v) - nppg
Iy x(0,T) I x(0,T)

Vi € CH(V), with ¢ =0 on V\ V—, and Vi € C§(Q, x (0,T)).
Step 4. Let ¢ € C3(Q, x (0,T)) with 1 =0 on (9Q, x (0,7))\ (T; x (0,7)). It is
clear that applying Theorem 24] to equation (H) for g., we obtain
/ pulor + a(v) - 0udg. + [ 9:0101 + a(v) - 9,0
Qg xVx(0,T) Qg xVx(0,T)

83) = -— Oy ovdm. 0[O, - O
(83) /{WX(O’T) swm+/ 9eplr + av) - Buy

Qg xVx(0,T)
[ at)-ngvs.
I x(0,T)

In this step, we shall prove that the expression in (&3) converges to the expression
in (7). It is enough to prove such statement for 1) € C3(€Q, x (0,T)) of the form

G, t) = P(w)¢(t) with () € C§(Qy) and ¢(t) € C3(0,T).
We shall split the proof into six steps.

(84)

4.1. Let G denote the flux G(z) = fo(o ) e(v)p(t)ga(v)dvdt on Q4. Eq. (76)
yields

&)  0.G=- / Buip(v)g(t)dm + / pW)Ad(t)g n D'(9y),
V' x(0,T) V' x(0,T)

where ¢(v) € CH(V) with ¢ = 0 on V\ V™ and ¢(t) € C(0,T). Similarly, let
G denote the flux G.(z) = fV><(0 ) 9(V)p(t)gea(v)dvdt. By Lemma 22 G is
uniformly (in €) bounded in L'(Q,). Eq. (73) yields

(86)  9,G.= - /V oy MDD + / P(W)Ord(t)ge n D(Q).

Vx(0,T)

Now the first term in the right-hand side of (Bf) is a bounded measure thanks to
the fact that ¢(¢) is of compact support in ¢ € (0,7T), d,p(v) is of compact support
inv € V, and m. is a bounded measure. Thanks to Lemma 22, the second term is
a function uniformly (in €) bounded in L'(2,). Thus, the distributional derivative
of G¢ is a bounded measure and hence G. is of bounded variation in §,. In fact,
the right-hand side of (8@ is also equal to

/ Opymep(v)o(t) + / ©(v)0rp(t)ge
V' x(0,T)

XV x(0,T)

which is a function in L*(€,) since d,me = < (xw. — g¢) and both x,, and g. are
in L' (see Step 1). Then G. is a function of one variable (recall that we assumed
d=1and Q, = (I,1)) whose distributional derivative is also a function. Therefore,
G, is an absolutely continuous function [I7].



2160 M. TIDRIRI

4.2.  We prove that 9,G. is uniformly bounded in L'(Q).
Using the fact that 9,G. is a function and (B6l) we have

87 0;G| < |0y 0 el
(87) A| '<AMW@mm'¢@WW+LMW@M“””@“

g

Using the positiveness and uniform boundedness of the measures m., Lemma
2.2, and the definition of the functions ¢(v) and ¢(t), the right-hand side in the
inequality above is uniformly (in €) bounded and so is the left-hand side.

4.3. Let P denote an extension operator from W11(Q,) to WH1(R). We shall
prove that for any 3 € L'(R) with compact support, 3 x 9, PG, converges to
(% 0 PG strongly in L*(R). Such an extension operator P exists [3]. Here we use
the same operators P constructed in [3].

Let H = PG and H. = PG, (from Step 4.1 above we know that G, is in
Wt1(Q,)). Using Steps 4.1 and 4.2, the definition of P, and its properties, we
know that 9, H, is uniformly bounded in L!(R) and its support is included in a
fixed compact set [— Ry, Ry] for some R; > 0 independent of e. Then the set

B={0,.H., e¢>0}

is a bounded subset of L'(R). Let 3(z) € L}(R) with compact support Kz C R.
We shall prove that the set

F={B*0,H., ¢>0}

is relatively compact in L'(w), for all w open bounded set of R. The notation *
refers to the convolution of two functions.

Let w be an open bounded set of R such that w contains [—Ry, R1] + Kg. This
implies that w contains the support of the convolution 8 x 0, H.. Then we know
that (a subsequence of) 3 % 0, H. —_0 h?* in L'(w) for some function h?« €
L'(w). Because of the restriction above on the supports and the definition of w,
the convergence takes place actually in L'(R). We then simply denote h%* by h¥.

We now wish to prove that h? = 3% 0, H in the distribution sense.

Let a(z) € D(R) be such that « =1 on [—Ry, R1]. Let n(z) € D(R); we have

<(ﬁ*8xHe)xa77(x)> = ( He)y, (y+.23)>
® (0s (a(@)n(y + 2)))

(6,

(B, ® (D H.).

- mm/mmm+mmmmw
R

Yye R
(83) - —/eK B(y){He, Ox(a(z)n(y + x)))dy.

The notation (T, n(y + z)) above simply refers to the fact that the distribution
T is applied to the function (x) = n(y+z). It is not to be confused with the partial
derivative with respect to x, which we denote throughout this paper by 9,7T.

Thanks to the uniform boundedness of G, in L'(Q,) (see the beginning of Step
4.1) and the properties of the extension operator P, the expression

(H., 0, (a(z)n(y + ) /Ha n(y + 2))dz
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is uniformly (in €) bounded. On the other hand Theorem .5 shows that

/ Gods(a(@)n(y+a))de = /Q gy RO @y )

. / 9a(0)p(0)B(D)0s (a(2)n(y + ))dvdtdz
Qg xVx(0,T)

/ GO, (a(z)n(y + z))dz.

Hence using the explicit definition of the extension operator P, we have

(H., 0, (a(z)n(y + 2)) /Ha n(y + 2))dz
converges as € — 0 to
/Ha 0y + @))de = (H,0,(ala)n(y + 2))).

Therefore, since 3 € L'(R) with compact support, we can use the dominated
convergence theorem to conclude that the right-hand side in (B8]) converges to

—/eK B(y)(H, 0z (a(z)n(y + z)))dy = By)(0:H, (ax)n(y + x)))dy

yeR
(89) = ((B* 0xH)z,n()).
On the other hand, using the distributional definition of the convolution for

B % 0, H, and the fact that 3 x 0, H. converges to h” in L!(R), together with (8J),
we obtain

(90) (h?m) = (Bx0uH,n).
This shows that the convolution (of two distributions) % 9, H is a function in

LY(R) equal to h#. Hence for any 8 € L'(R) with compact support we have proved
that 3% 0, H, converges in L'(R) to h? = B3x 0, H.

4.4. We prove that the distribution 0, H is actually a measure.

Step 4.3 above implies in particular that for any 8 € L'(R) with compact sup-
port, B 0, H is a function in L!'(R). Hence 3 9, H defines a measure on R.

We shall prove that the distribution 9, H is actually a measure. This results from
the fact that if T is a distribution such that V3 € L'(R) with compact support,
T % [ is a measure, then T is itself a measure [17].

4.5. 'We prove that
(91) limit, o /Q D) (0:Gely) — 0:G(y))dy = 0

Vi) continuous bounded function on Q.

In the previous steps 4.3 and 4.4, we proved that h” = % 9, H in the classical
sense and that 0, H is a measure. Denote p as the measure y = 9, H. Then we
know from the definition of the convolution of a function and a measure that the
function 8 * u(x) = B+ 0, H is given by

e /m— e /m— )0, H (y)dy
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(Recall that 8 is of compact support.) In the previous Steps 4.3 and 4.4, we

proved that for any 8 € L*(R) with compact support, we have 3 0, He —_o h”
in L'(R). In other words, we have

limit, o / |3 % 0, H, — hP|dx
R

- nmitHO/ 8% 0, H, — 3% 0y H|dz
R

limit, _o / | / Bz — )0, He(y)dy — / B — )0 H (y)dy|da
0.

(92)
Then

(93) limitgﬂo(/]R 6(:6—y)f)‘xHe(y)dy—Aﬁ(m—y)@xH(y)dy) =0, forae zeR.

Let £ = v be a point at which such limit exists and is 0. Let 1[)(@/) be a continuous
bounded function on Q, = [I,1]. Let §(z) = 1(y—2) for (y—2) € [I,1] and B(z) = 0
otherwise. Then 3 € L'(R) and has a compact support. Therefore, plugging this
B in ([@3), we obtain

(94) limit, o /Q D) (0 H.(y) — 0, H (y))dy = 0.

Now the definition of the extension operator [3] yields 0y H(y) = 0:Gc(y) and
0. H(y) = 0;G(y) on Q4. Thus, we obtain (I1]).

4.6. Now combining Step 4.5, Theorem [5(iii), and (85)-(8d), we conclude that

limite_o / O(y) v (v)(t)dme = / b(y)Dup(v)p(t)dm
Qg xVx(0,T) Qg xVx(0,T)

(95) V¢ continuous bounded function on €.

In particular, ([@5) is valid for any function ¥ e C3(Qy). Using this, we conclude that
the expression in (83)) converges to the expression in ([79) for any p(v) € C3(V) with
@=0o0nV\V~ and any ¢ € C§(Q, x (0,T)) of the form t(z,t) = 1(z)p(t). By
the remark at the beginning of Step 4, this convergence takes place for all functions
o(v) € C(V) with ¢ =0 on V \ V~ and all functions ¢ (z,t) € C3(Q, x (0,7)).
This concludes the proof of our claim.

Step 5. Here we conclude the proof.

Using the above convergence in (84) and (B0), we obtain

(96) limite_,o/ a(v) - npwg.
r; x(0,7)
= limiteﬂo/ a(v) - npg.
'y xV—=x(0,T)
= ess limitzﬂo/ o \I/;lF -vdH!
(T x(0,T))x{=})

= ess limitzﬂo/ Yo U tpga(v) - vdH .
T((Tix(0,T)) x{z})xV~
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Since ¢ € C}(V) and ¢ € C}(Q, x (0,T)) are arbitrary functions with ¢ =0 on
VAV~ and ¥ =0 on 9(, x (0,7)) \ (I'; x (0,7)), @6) and (82) show that g is
the weak trace of gon I'; x (0,T) =T; x V™~ x (0,T). Moreover, this weak trace
satisfies (&T), which therefore yields the theorem. O

5. ANALYSIS OF THE COUPLED KINETIC/CONSERVATION LAWS SYSTEM

In this final section, we state a result about the existence of an entropic solution
to the coupled kinetic/conservation laws system (B)-(I3]) in the sense of Definition

B

Theorem 5.1. Assume that
[ feoll oo rr x o,y < C1s 192N L0, xv) < Cav [l Lo (yxvy < Cs,
I9e1ll Los oy w07 < Cas £ L1 (0uxvy < s, llglllzra, xv) < Co,
lla(v) 'nlfe0||L1(r; x(0,1)) < C7, la(v) 'ngg€1||L1(F2_ x(0,T)) < Cg

with Cy,i =1,--- |8, positive constants independent of .

Assume also that the initial and boundary data f2, feo, g°, and ge1 are compactly
supported in v € V with supports included in a fired compact set independent of e.
Finally assume that [d8) holds and that as € — 0,

19(-) = xwoy llzs, @, xL1(vy) = 0,
fO— fO strongly in L' (9 x V),
a(v) -nfo — a(v) -nfy weakly in L*(T] x (0,T)),
a(v) -nga — a(v) -ng1 = a(v) - nxw, strongly in L*(T5 x (0,T)).

Then there exists an entropic solution to the system (B)-({I3) in the sense of
Definition B.1l.

Remark 5.1. Following Remark [£.3] Theorem [4.8]is valid also when the initial and
boundary data are no longer compactly supported in v. Therefore by the use of
Theorem Bl on the equivalence between the kinetic and the entropic formulations
and Theorem [£.8] Theorem [5.1]is also valid when the boundary and initial data are
not necessarily compactly supported in v.

Proof of Theorem L1l This theorem is an immediate consequence of Theorem K.Y
and the kinetic formulation of the coupled system (®)-(I3]) given in TheoremZ1 O
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