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ANALYSIS OF A COUPLED SYSTEM OF KINETIC EQUATIONS
AND CONSERVATION LAWS: RIGOROUS DERIVATION
AND EXISTENCE THEORY VIA DEFECT MEASURES

M. TIDRIRI

Abstract. In this paper we introduce a coupled system of kinetic equations
of B.G.K. type and then study its hydrodynamic limit. We obtain as a con-
sequence the rigorous derivation and existence theory for a coupled system
of kinetic equations and their hydrodynamic (conservation laws) limit. The
latter is a particular case of the coupled system of Boltzmann and Euler equa-
tions. A fundamental element in this study is the rigorous derivation and
justification of the interface conditions between the kinetic model and its hy-
drodynamic conservation laws limit, which is obtained using a new regularity
theory introduced herein.

1. Introduction

In this paper we shall study the following coupled kinetic system:

[∂t + a(v) · ∂x]fε(x, v, t) =
1
εl

(χuε(x,t)(v) − fε(x, v, t)) in Ωl × V × (0, T ),(1)

fε(x, v, t) = fε0(x, v, t) on Γ−
1 × (0, T ),(2)

fε(x, v, t) = gε(x, v, t) on Γ−
i × (0, T ),(3)

[∂t + a(v) · ∂x]gε(x, v, t) =
1
ε
(χwε(x,t)(v) − gε(x, v, t)) in Ωg × V × (0, T ),(4)

gε(x, v, t) = gε1(x, v, t) on Γ−
2 × (0, T ),(5)

gε(x, v, t) = fε(x, v, t) on Γ+
i × (0, T ),(6)

fε(x, v, 0) = f0
ε (x, v) in Ωl × V gε(x, v, 0) = g0

ε (x, v) in Ωg × V(7)
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and study its relation to the coupled system

[∂t + a(v) · ∂x]f(x, v, t) =
1
εl

(χu(x,t)(v) − f(x, v, t)) in Ωl × V × (0, T ),(8)

f(x, v, t) = f0(x, v, t) on Γ−
1 × (0, T ),(9)

f(x, v, t) = χw(x,t)(v) on Γ−
i × (0, T ),(10)

∂tw + ∂xi [Ai(w)] = 0 in Ωg × (0, T ),(11)
boundary conditions for w on Γ2 × (0, T ) and Γi × (0, T ),(12)

f(x, v, 0) = f0(x, v) in Ωl × V w(x, 0) = w0(x) in Ωg.(13)

Here, Ωl = (0, l) × R
d−1, Ωg = (l, 1) × R

d−1 with 0 < l < 1, and Ω = (0, 1) × R
d−1

are resp. the kinetic, hydrodynamic, and physical domain and d is the dimension
of the spatial domain. The boundaries are defined as follows:

Γ1 = ∂Ωl ∩ ∂Ω, Γ2 = ∂Ωg ∩ ∂Ω, Γi = ∂Ωl ∩ ∂Ωg,

Γ−
1 = {(x, v) ∈ {0} × R

d−1 × V : a(v) · nl(x) < 0},
Γ−

i = {(x, v) ∈ {l} × R
d−1 × V : a(v) · nl(x) < 0},

Γ−
2 = {(x, v) ∈ {1} × R

d−1 × V : a(v) · ng(x) < 0},
Γ0l = {(x, v) ∈ ∂Ωl × V : a(v) · nl(x) = 0},
Γ0g = {(x, v) ∈ ∂Ωg × V : a(v) · ng(x) = 0},

where nl resp. ng denotes the exterior unit normal vector to Ωl resp. Ωg. In the
sequel we will denote by n any exterior unit normal vector; it will be clear from the
context which normal we mean. We shall assume that Γ0l has measure 0 in ∂Ωl×V
for the measure dγdv and that Γ0g has measure 0 in ∂Ωg ×V for the measure dγdv.

The boundary conditions in (12) for the conservation laws are prescribed on a
part of Γi resp. Γ2. These boundary conditions together with those in (10) will be
made precise in Definition 3.1. The set V = R is the velocity domain and T is a
positive constant.

The function f describes the microscopic density of particles at (x, t) with veloc-
ity v in the kinetic domain. The function w describes the local density of particles
at (x, t) in the hydrodynamic domain.

The functions fε and f resp. gε describe the microscopic density of particles
at (x, t) with velocity v in the kinetic resp. hydrodynamic domain. The physical
parameter εl resp. ε > 0 is the microscopic scale in the kinetic resp. hydrodynamic
domain. The functions f0

ε and g0
ε are the initial data while fε0, f0, and gε1 are the

boundary data. The boundary conditions in Eqs. (3) and (6) describe the transmis-
sion conditions between the two kinetic equations. The local densities of particles
uε, u, and wε at (x, t) are related to the microscopic densities fε, f , and gε by
uε(x, t) =

∫
V fε(x, v, t)dv, u(x, t) =

∫
V f(x, v, t)dv, and wε(x, t) =

∫
V gε(x, v, t)dv.

The boundary conditions in (12) also involve w1 which is a given boundary data;
see Definition 3.1 below. The boundary conditions in Eqs. (10) and (12) describe
the transmission conditions between the kinetic and the hydrodynamic domain. Let
A = (Ai)1≤i≤d with components related to ai(·) by ai(·) = A′

i(·), i = 1, · · · , d. We
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assume that the functions ai(·) ∈ C2,α for some α > 0. The collisions in the kinetic
equations are given by the nonlinear kernel in the right-hand side of Eqs. (1), (4),
and (8) in which χu(v) is the signature of u defined by

(14) χu(v) =




1 if 0 < v ≤ u,
−1 if u ≤ v < 0,
0 otherwise.

This problem is a particular case of the more general coupled systems consisting
of Boltzmann equations and their hydrodynamic limits introduced and studied
in [21, 22, 23] (see also the references therein). These problems are introduced
in order to solve the problem of intermediate regimes in gas dynamics. Their
practical importance in real life applications has been successfully proven in [21,
22, 23] (see also the references therein). A complete mathematical theory of these
methodologies in the case of a Carleman simplified Boltzmann model has been
developed by the author in [23]. Here we shall study a nonlinear Boltzmann model
which is a bit more general. The study of the hydrodynamic limit of the model in
(4) in full space was done by Perthame and Tadmor [16], Perthame [15], and the
author [26, 27]. They proved that this model converges as the microscopic scale
goes to 0 to a conservation law of the form in (11). In the case of bounded domain
such study is performed by the author in [26, 27]. Further studies using this model
and closely related models can be found in the references in [15].

Here we study this nonlinear model in the context of domains with boundaries
and coupling of Boltzmann equations and their hydrodynamic limits. More pre-
cisely we shall study the hydrodynamic limit of the kinetic system (1)-(7) as the
microscopic scale ε → 0 in Ωg. As a consequence we shall rigorously derive and
establish the existence theory of the system (8)-(13). Systems (1)-(7) have been
introduced by the author in [25], where he established the hydrodynamic limit anal-
ysis of this kinetic system and rigorously derived system (8)-(13). In [25], the author
made the additional assumption that the initial data are in BVloc. Here we shall
remove such an assumption, however, we shall make a nondegeneracy assumption
on the flux.

A fundamental element in this study is the rigorous derivation of the inter-
face conditions between the kinetic model and hydrodynamic conservation laws
limit. This is obtained using a new regularity theory developed here. Besides its
intrinsic merit, we expect that the study developed here of the interfacial kinetic-
hydrodynamic problem may provide methods and ideas that might help solve other
problems involving interfaces between physical phenomena of a different scale and
nature.

In the next section we shall study the kinetic system and give various information
about its solution. These results have been proved in [25]. We shall also give some
results about generalized Green and Gauss-Green formulas for bounded Radon
measures and about the weak traces for a particular class of functions. In Section
3, we shall introduce the kinetic formulation of the coupled system (8)-(13) and
prove its equivalence to system (8)-(13) in the sense of Definitions 3.1 and 3.2. In
the fourth section we prove that the solution of the kinetic system converges to a
solution of the system given by the kinetic formulation. Finally, in the last section
we prove that the system (8)-(13) has an entropic solution in the sense of Definition
3.1.
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2. Coupled system of kinetic equations

In this section we shall present some basic results about the kinetic system (1)-
(7). These results and their proofs were obtained in [25]. However, for the sake
of completeness and independent reading we will give below the proofs of such
results. We begin with stating a result about the well-posedness of the kinetic
system (1)-(7). We then establish various properties of the solution, including L∞,
L1, and BVloc uniform estimates. These estimates will be used for the study of
the hydrodynamic limit of system (1)-(7) as ε → 0 in Ωg. We shall also use the
following notations:

Ω0 = {(x, v, t) ∈ Ωl × V × (0, T ) : x1 − a1(v)t < 0},
Ωa = {(x, v, t) ∈ Ωl × V × (0, T ) : x1 − a1(v)t > l},

Ω0a = {(x, v, t) ∈ Ωl × V × (0, T ) : 0 < x1 − a1(v)t < l},
Ω1 = {(x, v, t) ∈ Ωg × V × (0, T ) : x1 − a1(v)t > 1},

Ωa1 = {(x, v, t) ∈ Ωg × V × (0, T ) : l < x1 − a1(v)t < 1},
Ωaa = {(x, v, t) ∈ Ωg × V × (0, T ) : x1 − a1(v)t < l},

where x = (x1, x�).

2.1. Existence theory. We have the following existence and uniqueness result.

Theorem 2.1. Assume that

f0
ε ∈ L1(Ωl × V ), g0

ε ∈ L1(Ωg × V ),

a(v) · nlfε0 ∈ L1(Γ−
1 × (0, T )), a(v) · nggε1 ∈ L1(Γ−

2 × (0, T )).

Then
(i) The coupled system (1)-(7) has a unique solution (fε, gε) in

L∞([0, T ];L1(Ωl × V )) × L∞([0, T ];L1(Ωg × V )). Moreover, (fε, gε) satisfies the
integral representation

In Ω0 fε(x, v, t) = exp(−x1/εla1(v))fε((0, x� − x1

a1(v)
a�(v)), v, t − x1/a1(v))

+
1
εl

∫ t

t−x1/a1(v)

e(s−t)/εlχuε(x(s),s)(v)ds.

In Ωa fε(x, v, t)=gε((l, x�+
l − x1

a1(v)
a�(v)), v, t − x1 − l

a1(v)
)exp(−(x1−l)/εla1(v))

+
1
εl

∫ t

t− x1−l
a1(v)

e(s−t)/εlχuε(x(s),s)(v)ds.

In Ω0a fε(x, v, t) = f0
ε (x− a(v)t, v)exp(−t/εl) +

1
εl

∫ t

0

e(s−t)/εlχuε(x(s),s)(v)ds.

In Ωaa gε(x, v, t)=fε((l, x�+
l − x1

a1(v)
a�(v)), v, t − x1 − l

a1(v)
)exp(−(x1−l)/(a1(v)ε))

+
1
ε

∫ t

t− x1−l
a1(v)

e(s−t)/εχwε(x(s),s)(v)ds.
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In Ωa1 gε(x, v, t) = g0
ε (x− a(v)t, v)exp(−t/ε) +

1
ε

∫ t

0

e(s−t)/εχwε(x(s),s)(v)ds.

In Ω1 gε(x, v, t)=gε1((1, x�+
1 − x1

a1(v)
a�(v)), v, t − x1 − 1

a1(v)
)exp((1−x1)/εa1(v))

+
1
ε

∫ t

t− x1−1
a1(v)

e(s−t)/εχwε(x(s),s)(v)ds,

where x(s) = x+ (s− t)a(v), x = (x1, x�), and a(v) = (a1(v), a�(v)).
On Γ−

i × (0, T ), we have:
For l < l − ta1(v) < 1,

gε((l, x�), v, t) = e−t/εg0
ε ((l − ta1(v), x� − ta�(v)), v)

+
1
ε

∫ t

0

e(s−t)/εχwε(x(s),s)(v)ds.

For 1 < l − ta1(v),

gε((l, x�), v, t) = e(1−l)/(εa1(v))gε((1, x� +
1 − l

a1(v)
a�(v)), v, t +

1 − l

a1(v)
)

+
1
ε

∫ t

t+ 1−l
a1(v)

e(s−t)/εχwε(x(s),s)(v)ds.

We also have a similar formula for fε on Γ+
i × (0, T ).

(ii) Let (fε, gε) and (Fε, Gε) be two solutions of (1)-(7) with corresponding
densities uε(x, t) =

∫
V
fε(x, v, t)dv, wε(x, t) =

∫
V
gε(x, v, t)dv and Uε(x, t) =∫

V Fε(x, v, t)dv, Wε(x, t) =
∫

V Gε(x, v, t)dv; and let f0
ε , g

0
ε , fε0, gε1 resp. F 0

ε , G
0
ε ,

Fε0, Gε1 denote the corresponding data. Then for any 0 ≤ t ≤ T , we have

‖fε − Fε‖L1(Ωl×V ) + ‖gε −Gε‖L1(Ωg×V ) + ‖a(v) · n(fε − Fε)‖L1(Γ+
1 ×(0,t))

+ ‖a(v) · n(gε −Gε)‖L1(Γ+
2 ×(0,t))

≤ ‖f0
ε − F 0

ε ‖L1(Ωl×V ) + ‖g0
ε −G0

ε‖L1(Ωg×V ) + ‖a(v) · n(fε0 − Fε0)‖L1(Γ−
1 ×(0,t))

+ ‖a(v) · n(gε1 −Gε1)‖L1(Γ−
2 ×(0,t)).

(15)

Proof of Theorem 2.1. We begin by proving (ii), which states a result about the
uniqueness and the continuous dependence of the solution on the data. The idea
of the proof is to use a combination of the author’s method [20, 21] and ideas from
[10].

The function Fε satisfies an equation similar to Eq. (1). Subtracting this equa-
tion from Eq. (1), and multiplying the resulting equation by

ϕ1 = sgnµ(fε − Fε)ψ1(x, t)

with xsgnµ(x) ≥ 0, x ∈ R, where ψ1 is a nonnegative test function and sgnµ is
a regularization of sign function, and integrating by parts, and letting µ → 0, we
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obtain

∫
Ωl×V

(|fε − Fε|ψ1)(·, ·, t) +
∫

Γ−
i ×(0,t)

a(v) · n|fε − Fε|ψ1

+
∫

Γ+
i ×(0,t)

a(v) · n|fε − Fε|ψ1 +
∫

Γ+
1 ×(0,t)

a(v) · n|fε − Fε|ψ1

+
1
εl

∫
Ωl×V ×(0,t)

|fε − Fε|ψ1

=
1
εl

∫
Ωl×V ×(0,t)

(χuε − χUε)sgn(fε − Fε)ψ1 +
∫

Ωl×V

(|fε − Fε|ψ1)(·, ·, 0)

−
∫

Γ−
1 ×(0,t)

a(v) · n|fε0 − Fε0|ψ1 +
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ψ1)|fε − Fε|.
(16)

Using the properties of χ, this yields

∫
Ωl×V

(|fε − Fε|ψ1)(·, ·, t) +
∫

Γ−
i ×(0,t)

a(v) · n|fε − Fε|ψ1

+
∫

Γ+
i ×(0,t)

a(v) · n|fε − Fε|ψ1 +
∫

Γ+
1 ×(0,t)

a(v) · n|fε − Fε|ψ1

≤
∫

Ωl×V

(|fε − Fε|ψ1)(·, ·, 0) −
∫

Γ−
1 ×(0,t)

a(v) · n|fε0 − Fε0|ψ1

+
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ψ1)|fε − Fε|.(17)

Similarly, multiplying Eq. (4) by ϕ2 = sgnµ(gε − Gε)ψ2(x, t) with ψ2 a non-
negative test function in C1(Ω̄g × [0, T ]), and proceeding as above, we obtain an
inequation for gε − Gε similar to Eq. (17). Adding this inequation to Eq. (17),
taking ψ1 and ψ2 such that ψ1 = ψ2 on Γi × (0, T ), and using the transmission
conditions, we obtain

∫
Ωl×V

(|fε − Fε|ψ1)(·, ·, t) +
∫

Ωg×V

(|gε −Gε|ψ2)(·, ·, t)

+
∫

Γ+
1 ×(0,t)

a(v) · n|fε − Fε|ψ1 +
∫

Γ+
2 ×(0,t)

a(v) · n|gε −Gε|ψ2

≤
∫

Ωl×V

(|fε − Fε|ψ1)(·, ·, 0) +
∫

Ωg×V

(|gε −Gε|ψ2)(·, ·, 0)

−
∫

Γ−
1 ×(0,t)

a(v) · n|fε0 − Fε0|ψ1 +
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ψ1)|fε − Fε|

−
∫

Γ−
2 ×(0,t)

a(v) · n|gε1 −Gε1|ψ2 +
∫

Ωg×V ×(0,t)

(∂t + a(v) · ∂x)(ψ2)|gε −Gε|.(18)

Now taking ψ1(t) = ψ2(t) = 1 yields the estimate (15).



ANALYSIS OF A COUPLED SYSTEM OF KINETIC EQUATIONS 2139

To prove the existence of a solution to the kinetic system, we introduce the
following iterations:

[∂t + a(v) · ∂x]fn+1
ε (x, v, t) =

1
εl

(χun
ε (x,t)(v) − fn+1

ε (x, v, t)) in Ωl × V × (0, T ),

fn+1
ε (x, v, t) = fε0(x, v, t) on Γ−

1 × (0, T ),

fn+1
ε (x, v, t) = gn+1

ε (x, v, t) on Γ−
i × (0, T ),

[∂t + a(v) · ∂x]gn+1
ε (x, v, t) =

1
ε
(χwn+1

ε (x,t)(v) − gn+1
ε (x, v, t)) in Ωg × V × (0, T ),

gn+1
ε (x, v, t) = gε0(x, v, t) on Γ−

2 × (0, T ),

gn+1
ε (x, v, t) = fn+1

ε (x, v, t) on Γ+
i × (0, T ),

fn+1
ε (x, v, 0) = f0

ε (x, v) gn+1
ε (x, v, 0) = g0

ε (x, v).

Using (16) in the present context with fε = fn+1
ε and Fε = fm+1

ε , and the
properties of χ, we obtain

∫
Ωl×V

(|fε − Fε|ψ1)(·, ·, t) +
∫

Γ−
i ×(0,t)

a(v) · n|fε − Fε|ψ1

+
∫

Γ+
i ×(0,t)

a(v) · n|fε − Fε|ψ1

+
∫

Γ+
1 ×(0,t)

a(v) · n|fε − Fε|ψ1 +
1
εl

∫
Ωl×V ×(0,t)

|fε − Fε|ψ1

≤ 1
εl

∫
Ωl×V ×(0,t)

|fn
ε − fm

ε |ψ1 +
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ψ1)|fε − Fε|.(19)

Similarly taking gε = gn+1
ε and Gε = gm+1

ε , and using the properties of χ, we
obtain

∫
Ωg×V

(|gε −Gε|ψ2)(·, ·, t) +
∫

Γ+
i ×(0,t)

a(v) · ng|gε −Gε|ψ2

+
∫

Γ−
i ×(0,t)

a(v) · ng|gε −Gε|ψ2 +
∫

Γ+
2 ×(0,t)

a(v) · ng|gε −Gε|ψ2

≤
∫

Ωg×V ×(0,t)

(∂t + a(v) · ∂x)(ψ2)|gε −Gε|.(20)

Taking ψ1 = ψ2 = e
− α

εl
s, 0 ≤ s ≤ t, with α a positive constant, adding the equations

in (19) and (20), and using the transmission conditions and the properties of χ, we
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obtain

∫
Ωl×V

(|fε − Fε|ψ1)(·, ·, t) +
∫

Ωg×V

(|gε −Gε|ψ2)(·, ·, t)

+
∫

Ωl×V ×(0,t)

1 + α

εl
ψ1|fε − Fε|

+
∫

Γ+
1 ×(0,t)

a(v) · n|fε − Fε|ψ1 +
∫

Γ+
2 ×(0,t)

a(v) · ng|gε −Gε|ψ2

+
∫

Ωg×V ×(0,t)

α

εl
ψ2|gε −Gε| ≤ 1

εl

∫
Ωl×V ×(0,t)

|fn
ε − fm

ε |ψ1.(21)

Hence we obtain

∫
Ωl×V ×(0,t)

ψ1|fn+1
ε − fm+1

ε | ≤ 1
1 + α

∫
Ωl×V ×(0,t)

|fn
ε − fm

ε |ψ1.(22)

This and a reuse of (21) proves that the iterations are contracted to a fixed point
in L∞((0, T );L1(Ωl × V )) × L∞((0, T );L1(Ωg × V )), which satisfies Eqs. (1) and
(4) and also the boundary and initial conditions (2)–(3) and (5)–(7) (use the arbi-
trariness of the functions ψ1 and ψ2 together with the above convergence). We also
infer from the inequality (15) that the solution (fε, gε) depends continuously on the
initial and boundary data. The fact that (fε, gε) satisfies the integral representation
is a direct consequence of the characteristic method. The proof of Theorem 2.1 is
now finished. �

Remark 2.1. The proof of the well-posedness of the uncoupled kinetic equations
relies on a fixed method based on the integral representation of the solution (see
[16, 26]). Because of the transmission boundary conditions, a direct application
of the integral representation fails to give contracting operators. It is possible,
however, to prove the continuous dependence of the solution on the data using an
alternative form of the integral representation.

2.2. Kinetic entropy. We shall prove the following entropy inequality for the
solution of the kinetic system.

Theorem 2.2. The solution to the kinetic system satisfies the relations

−
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)|fε − χk| +
∫

Γ−
i ×(0,T )

a(v) · nψ1|gε − χk|(23)

+
∫

Γ−
1 ×(0,T )

a(v) · nψ1|fε0 − χk|

= −
∫

Γ+
i ×(0,T )

a(v) · nψ1|fε − χk| −
∫

Γ+
1 ×(0,T )

a(v) · nψ1|fε − χk|

+
1
εl

∫
Ωl×V ×(0,T )

(χuε − fε)ψ1sgn(fε − χk)
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and

−
∫

Ωg×V ×(0,T )

(∂t + a(v) · ∂x)(ψ2)|gε − χk| +
∫

Γ+
i ×(0,T )

a(v) · ngψ2|fε − χk|(24)

+
∫

Γ−
2 ×(0,T )

a(v) · ngψ2|gε1 − χk| ≤ 0

∀ψ1 ∈ C1
0 (Ω̄l × V × (0, T )), ∀ψ2 ∈ C1

0 (Ω̄g × (0, T )), ψ2 ≥ 0, ∀k ∈ R.

Proof. Multiplying Eq. (1) by ϕ1 = sgnµ(fε − χk)ψ1(x, t) and Eq. (4) by ϕ2 =
sgnµ(gε −χk)ψ2(x, t) (see the proof of Theorem 2.1) and proceeding as in the proof
of Theorem 2.1, we obtain Eq. (23) and similar equation for gε. Now using the
properties of χ, we obtain Eq. (24). The theorem is now proved. �

2.3. Basic estimates of the solution. We shall state and prove here some basic
estimates for the solution of the kinetic system. We begin with L∞ estimates of fε

and gε.

Lemma 2.1. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2,

‖f0
ε ‖L∞(Ωl×V ) < C3, ‖gε1‖L∞(Γ−

2 ×[0,T ]) < C4

with C1, C2, C3,and C4 independent of ε. Then fε and gε are uniformly bounded
resp. in L∞(Ωl × V × [0, T ]) and L∞(Ωg × V × [0, T ]). Moreover we have

‖fε‖∞ + ‖gε‖∞ ≤ 2‖fε0‖L∞(Γ−
1 ×[0,T ]) + 2‖g0

ε‖L∞(Ωg×V ) + 2‖f0
ε ‖L∞(Ωl×V )

+2‖gε1‖L∞(Γ−
2 ×[0,T ]) + 8.

Finally, we have that fε|∂Ω+
l ×(0,T ) is uniformly bounded in L∞(∂Ω+

l × [0, T ]) and
gε|∂Ω+

g ×(0,T ) is uniformly bounded in L∞(∂Ω+
g × [0, T ]).

The proof of this lemma is a direct consequence of the integral representation
of the solution given in Theorem 2.1(i) and the assumptions on the initial and
boundary data; see also [25].

Next we present estimates of fε, gε, uε and wε in L∞([0, T ];L1(Ωl × V )),
L∞([0, T ];L1(Ωg × V )), L∞([0, T ];L1(Ωl)) and L∞([0, T ];L1(Ωg)), respectively.

Lemma 2.2. Assume that

‖f0
ε ‖L1(Ωl×V ) < C1, ‖g0

ε‖L1(Ωg×V ) < C2,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C3, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C4

with C1, C2, C3, and C4 positive constant independent of ε. Then fε and gε are uni-
formly bounded resp. in L∞([0, T ];L1(Ωl ×V )) and L∞([0, T ];L1(Ωg ×V )), and uε

and wε are uniformly bounded resp. in L∞([0, T ];L1(Ωl)) and L∞([0, T ];L1(Ωg)).
Moreover, we have

‖uε‖L∞([0,T ];L1(Ωl)) + ‖wε‖L∞([0,T ];L1(Ωg))

≤ ‖fε‖L∞([0,T ];L1(Ωl×V )) + ‖gε‖L∞([0,T ];L1(Ωg×V ))

≤ ‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) + ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T ))

+ ‖f0
ε ‖L1(Ωl×V ) + ‖g0

ε‖L1(Ωg×V ).
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The proof is a direct consequence of formula (15) with Fε ≡ 0 and Gε ≡ 0.
Next we shall show that under the conditions that the supports in v ∈ V of

the data are compact, the supports in v ∈ V of the solutions fε and gε remain
compactly supported with supports included in a fixed compact set independent of
ε. We shall also give some information about the speed of propagation a(v).

Lemma 2.3. Assume that

f0
ε ∈ L1(Ωl × V ), g0

ε ∈ L1(Ωg × V ),

a(v) · nlfε0 ∈ L1(Γ−
1 × (0, T )), a(v) · nggε1 ∈ L1(Γ−

2 × (0, T ))

and

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2,

‖f0
ε ‖L∞(Ωl×V ) < C3, ‖gε1‖L∞(Γ−

2 ×[0,T ]) < C4

with C1, C2, C3, and C4 positive constant independent of ε. Assume also that the
initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly supported in v ∈ V

with supports included in a fixed compact set independent of ε. Then we have
(i) uε and wε are uniformly bounded resp. in L∞(Ωl×[0, T ]) and L∞(Ωg×[0, T ]).
(ii) fε and gε remain compactly supported in v ∈ V with supports included in a

fixed compact set independent of ε.
(iii) The speed of propagation a(v) is finite.

Proof. (i) Use the integral representation of the solution given in Theorem 2.1 and
follow the same lines of the proof of a similar result in the uncoupled case given in
[26]. The main difference is the treatment of the contributions to the integral over
Ωl × (0, T ) and Ωg × (0, T ) involving the interface conditions. This can be handled
using the integral representations given in Theorem 2.1(i). We skip the details.

(ii) Now set u∞ = supε>0‖uε‖L∞(Ωl×[0,T ]) and w∞ = supε>0‖wε‖L∞(Ωg×[0,T ]).
The terms χuε and χwε in the integral representation in Theorem 2.1 are supported
by v ∈ [−u∞, u∞]∪ [−w∞, w∞], the other terms are supported by v in the compact
supports of the boundary and initial data. Thus, for all t ∈ [0, T ], fε and gε remain
compactly supported, with compact supports included in Suppvf

0
ε ∪ Suppvfε0 ∪

[−u∞, u∞] resp. Suppvg
0
ε ∪ Suppvgε1 ∪ [−w∞, w∞], which in turn are included in a

fixed compact set independent of ε.
(iii) Set u∞ = supε>0‖uε‖L∞(Ωl×[0,T ]) and w∞ = supε>0‖wε‖L∞(Ωg×[0,T ]). By

(i) above, these definitions make sense. Let S = suppvf
0
ε ∪ suppvfε0 ∪ [−u∞, u∞]∪

suppvg
0
ε ∪suppvgε1∪ [−w∞, w∞]. Then the support in v of fε resp. gε is included in

S. Now set a∞ = sup1≤i≤N,v∈S |ai(v)|. We conclude that sup1≤i≤N,v∈S11∪S12
|ai(v)|

≤ a∞, where S11 = {v ∈ suppvfε(x, ., t), (x, t) ∈ Ωl × (0, T )} and S12 = {v ∈
suppvgε(x, ., t), (x, t) ∈ Ωg × (0, T )}. The lemma is proved. �

2.4. Gauss-Green formula. Let X be an open set of R
d. Assume that

Γ0 = {(x, v) ∈ ∂X × V : a(v) · n(x) = 0}
has measure 0 in ∂X × V for the measure dγdv. Recall from the introduction that
this condition is satisfied for Γ0l and Γ0g.

Let W p denote the space

W p = {u ∈ Lp(X × V × (0, T )); (∂t + a(v) · ∂x)u ∈ Lp(X × V × (0, T ))},
where 1 ≤ p <∞. Then we have the following theorem.
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Theorem 2.3. Let K be a compact set of (∂X)− × (0, T ) (resp. (∂X)+ × (0, T )).
Then the mapping

u→ u|K,
defined on D(X̄ × V × (0, T )), can be extended to a continuous mapping from W p

to Lp(K). As a consequence the functions of W p (p ∈ [1,+∞)) have a trace in
Lp

loc((∂X)− × (0, T )) (resp. Lp
loc((∂X)+ × (0, T )). Here (∂X)− and (∂X)+ are

defined according to the definition of Γ− and Γ+ given in the Introduction.

When a(v) = v, this result has been proven in [6]. The proof for the case of
general a(v) satisfying the assumptions made at the beginning of this paper and
above, is based on a slight modification of the proof for the case a(v) = v. As a
consequence of the above theorem, we have the Green’s formula

Theorem 2.4. Let f ∈W 1. Then ∀ψ ∈ C1
0 (X̄ × V × (0, T )) we have∫

X×V ×(0,T )

[∂t + a(v) · ∂x]fψ +
∫

X×V ×(0,T )

f [∂t + a(v) · ∂x]ψ

=
∫

(∂X)+×(0,T )

a(v) · n(x)fψdγdvdt+
∫

(∂X)−×(0,T )

a(v) · n(x)fψdγdvdt.(25)

Now let U ⊂ R
N be an open bounded subset whose boundary ∂U is regular

Lipschitz deformable [4]. That is, we have
(i) ∀u ∈ ∂U, ∃r > 0 and a Lipschitz map γ : R

N−1 → R such that after rotating
and relabling coordinates if necessary,

U ∩Q(u, r) = {y ∈ R
N : γ(y1, · · · , yN−1) < yN} ∩Q(u, r),

where Q(u, r) = {y ∈ R
N : |ui − yi| ≤ r, i = 1, · · · , N}.

(ii) ∃Ψ : ∂U × [0, 1] → Ū such that Ψ is a homeomorphism bi-Lipschitz over its
image and Ψ(u, 0) = u, ∀u ∈ ∂U .

(iii) Let ∂Uz ≡ Ψ(∂U×{z}), z ∈ [0, 1] and let Uz be the open subset of U whose
boundary is ∂Uz and Ψ is as in (ii). Let Ψz : ∂U → Ū be such that Ψz(u) = Ψ(u, z)
for any (u, z) ∈ ∂U × [0, 1]. Ψz and γ satisfy

limitz→0+DΨz ◦ γ = Dγ in L1
loc(O),

where O denotes the greatest open set such that γ(O) ⊂ ∂U .
When ∂U is such that (i) and (ii) are satisfied, we say that ∂U is Lipschitz

deformable and Ψ is a Lipschitz deformation of ∂U . If a Lipschitz deformable
boundary ∂U satisfies (iii), then the Lipschitz deformation Ψ of ∂U is called regular.
Examples of domains whose boundaries are regular Lipschitz deformable include
bounded domains with smooth (C2 for example) boundaries; star-shaped domains
and those satisfying the cone property; see [4].

Let ν : Ψ(∂U × [0, 1]) → R
N be such that ν(u) is the unit outward normal to

∂Uz at u ∈ ∂Uz ≡ Ψ(∂U × {z}) defined a.e. We have [4]

Theorem 2.5. Let F be a function in L∞(U ; RN) whose divergence is a bounded
measure. Then there exists a continuous linear functional F · ν|∂U over Lip(∂U)
such that

〈F · ν|∂U , φ〉 =
∫

U

φdivF +
∫

U

∇φ · F ∀φ ∈ Lip(RN).

Moreover, the normal trace F · ν|∂U is a function in L∞(∂U) satisfying

‖F · ν‖L∞(∂U) ≤ C‖F‖L∞(U)
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for some constant C independent of F and

〈F · ν|∂U , ψ〉 = ess limitz→0

∫
∂Uz

ψ ◦ Ψ−1
z F · νdHN−1 ∀ψ ∈ Lip(∂U).

3. Kinetic formulation of the coupled kinetic-hydrodynamic system

We begin by introducing a definition for a physically correct solution to problem
(8)-(13).

Definition 3.1. Let f ∈ L∞([0, T ];L1(Ωl × V )) ∩L∞(Ωl × [0, T ];L1(V )) and w ∈
L∞(Ωg ×(0, T ))∩L∞([0, T ];L1(Ωg)). We say that (f, w) is a weak entropy solution
of system (8)-(13) if the equations (8) and (11) are satisfied in the distribution sense,
the weak traces of f on Γ+

1 × (0, T ) and Γ+
i × (0, T ) and χw on Γ−

i × (0, T ) exist,
and the following holds:

−
∫

Ωl×V ×(0,T )

[∂t + a(v) · ∂x](ψ1)f +
∫

Γ−
1 ×(0,T )

a(v) · nlψ1f0

+
∫

Γ+
1 ×(0,T )

a(v) · nlψ1f+
∫
Γ−

i ×(0,T )

a(v) · nlψ1χw+
∫

Γ+
i ×(0,T )

a(v) · nlψ1f

=
1
εl

∫
Ωl×V ×(0,T )

(χu(x,t)(v) − f(x, v, t))(ψ1)(26)

and

−
∫

Ωg×(0,T )

(|w − k|∂tψ2 + sign(w − k)(A(w) −A(k)) · ∇xψ2)

+
∫

Γ2×(0,T )

ψ2sign(w1 − k)((A(w1) · ng)− − (A(k) · n)−)

+
∫

Γ+
i ×(0,T )

a(v) · ngψ2|f − χk| ≤ 0(27)

∀ψ1 ∈ C1
0 (Ω̄l × V × (0, T )), ∀ψ2 ∈ C1

0 (Ω̄g × (0, T )), ψ2 ≥ 0, ∀k ∈ R

and the initial conditions

f(x, v, 0) = f0(x, v) in Ωl × V w(x, 0) = w0(x) in Ωg.(28)

Remark 3.1. (i) Since by definition f ∈L∞([0, T ];L1(Ωl×V ))∩L∞(Ωl×[0, T ];L1(V )),
f ∈ L1(Ωl × (0, T ) × L1(V )) and (∂t + a(v) · ∂x)f ∈ L1(Ωl × V × (0, T )) (see the
equation satisfied by f). Thus, we can apply Theorems 2.3 and 2.4. Therefore, the
trace of f on (∂Ωl)+ × (0, T ) is in L1

loc((∂Ωl)+ × (0, T )). This justifies the integrals
involving the boundary terms of f . The existence of the weak trace of χw is proved
in Theorem 4.10 which is given at the end of the paper. For more details consult
the proof of Theorem 4.8.

(ii) Below we shall make precise the boundary conditions for w on ∂Ωg × (0, T ).
Taking ψ2 ∈ C1

0 (Ωg × (0, T )) in the definition above, we obtain

∂t|w − k| + div[sgn(w − k)(A(w) −A(k))] ≤ 0 in D′(Ωg × (0, T )).(29)

Therefore ∂t|w − k| + div[sgn(w − k)(A(w) − A(k))] is a bounded measure on
Ωg × (0, T ). Set F = (|w − k|, sgn(w − k)(A(w) − A(k))); then it is clear that
F ∈ L∞(Ωg × (0, T ); Rd+1). On the other hand, using the above,

divt,xF = ∂t|w − k| + div[sgn(w − k)(A(w) −A(k))]
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is a bounded measure on U = Ωg × (0, T ). Hence we can use Theorem 2.5, which
yields

ess limitz→0

∫
∂Uz

φ ◦ Ψ−1
z F · νdHd

=
∫

Ωg×(0,T )

φ(∂t|w − k| + div[sgn(w − k)(A(w) −A(k))])

+
∫

Ωg×(0,T )

(|w − k|∂tφ+ sgn(w − k)(A(w) −A(k)) · ∇xφ) ∀φ ∈ Lip(Rd+1),

(30)

where ν = (ν1, ν�) and Ψ were introduced in the previous section. Taking ψ2 = φ ∈
C1

0 (Ω̄g × (0, T )), ψ2 ≥ 0, in Definition 3.1 and using (29) and (30), we obtain

−ess limitz→0

∫
∂Ωg×(0,T )

φ ◦ Ψ−1
z sgn(w − k)(A(w) −A(k)) · ν�dHd

+
∫

Ωg×(0,T )

φ(∂t|w − k| + div[sgn(w − k)(A(w) −A(k))])

+
∫

Γ2×(0,T )

ψ2sign(w1 − k)((A(w1) · ng)− − (A(k) · ng)−)

+
∫

Γ+
i ×(0,T )

a(v) · ngψ2|f − χk| ≤ 0.

For ψ2 ∈ C1
0 (∂Ωg × (0, T )), this yields

−ess limitz→0

∫
∂Ωg×(0,T )

φ ◦ Ψ−1
z sgn(w − k)(A(w) −A(k)) · ν�dHd

+
∫

Γ2×(0,T )

ψ2sign(w1 − k)((A(w1) · ng)− − (A(k) · ng)−)

+
∫

Γ+
i ×(0,T )

a(v) · ngψ2|f − χk| ≤ 0.(31)

This in turn yields

−ess limitz→0

∫
Ψ(Γ2×{z})×(0,T )

ψ2 ◦ Ψ−1
z sgn(w − k)(A(w) −A(k)) · ν�dHd

+
∫

Γ2×(0,T )

ψ2sign(w1 − k)((A(w1) · ng)− − (A(k) · ng)−) ≤ 0

∀ψ2 ∈ C1
0 (Γ2 × (0, T ))(32)

and

−ess limitz→0

∫
Ψ(Γi×{z})×(0,T )

ψ2 ◦ Ψ−1
z sgn(w − k)(A(w) −A(k)) · ν�dHd

+
∫

Γ+
i ×(0,T )

a(v) · ngψ2|f − χk| ≤ 0

∀ψ2 ∈ C1
0 (Γi × (0, T )).(33)

This clarifies the boundary conditions for w.
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Let fl(x, v, t) and g(x, v, t) be functions defined respectively in Ωl × V × (0, T )
and Ωg × V × (0, T ). We introduce the following system:

[∂t + a(v) · ∂x]fl(x, v, t) =
1
εl

(χul(x,t)(v) − fl(x, v, t)) in Ωl × V × (0, T )(34)

fl(x, v, t) = f0(x, v, t) on Γ−
1 × (0, T ),(35)

fl(x, v, t) = g(x, v, t) on Γ−
i × (0, T )(36)

[∂t + a(v) · ∂x]g(x, v, t) =
∂m

∂v
in Ωg × V × (0, T )(37)

g(x, v, t) = χw(x,t)(v) in Ωg × V × (0, T ),(38)

g(x, v, t) = χw1(x,t)(v) on Γ−
2 × (0, T ),(39)

g(x, v, t) = fl(x, v, t) on Γ+
i × (0, T ),(40)

m nonnegative bounded measure in Ωg × V × (0, T ),(41)

fl(x, v, 0) = f0(x, v) in Ωl × V g(x, v, 0) = g0(x, v) in Ωg × V,(42)

where f0, w1, and f0 were introduced in Section 1. The function ul is related to fl

by ul =
∫

V fl. The function g0 is related to w0 by

(43) g0(x, v) = χw0(x)(v) in Ωg × V.

The boundary conditions in (35), (36), (39), and (40) will be made precise in the
following definition of a solution to the above system.

Definition 3.2. We say that

(fl, g) ∈ (L∞([0, T ];L1(Ωl × V )) ∩ L∞(Ωl × [0, T ];L1(V )))

× (L∞([0, T ];L1(Ωg × V )) ∩ L∞(Ωg × (0, T );L1(V )))

is a weak solution of the system (34)-(42) if the equations (34) and (37) are satisfied
in the distribution sense, the weak traces of fl on Γ+

1 × (0, T ) and on Γ+
i × (0, T )

and g on Γ−
i × (0, T ) exist, and we have

−
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)fl +
∫

Γ−
1 ×(0,T )

a(v) · nψ1f0

+
∫

Γ+
1 ×(0,T )

a(v) · nψ1fl +
∫

Γ−
i ×(0,T )

a(v) · nψ1g

+
∫

Γ+
i ×(0,T )

a(v) · nψ1fl =
1
εl

∫
Ωl×V ×(0,T )

(χul(x,t)(v) − fl(x, v, t))(ψ1)(44)

and

−
∫

Ωg×V ×(0,T )

(∂t + a(v) · ∂x)(ψ2)|g − χk| +
∫

Γ−
2 ×(0,T )

a(v) · nψ2|χw1 − χk|

+
∫

Γ+
i ×(0,T )

a(v) · nψ2|fl − χk| ≤ 0(45)

∀ψ1 ∈ C1
0 (Ω̄l × V × (0, T )), ∀ψ2 ∈ C1

0 (Ω̄g × (0, T )), ψ2 ≥ 0, ∀k ∈ R

and the initial conditions

(46) fl(x, v, 0) = f0(x, v) in Ωl × V g(x, v, 0) = g0(x, v) in Ωg × V.
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Remark 3.2. Notice that Remark 3.1 applies here also.

The following theorem states the equivalence between the two systems (8)-(13)
and (34)-(42).

Theorem 3.1. (i) Let f ∈ L∞([0, T ];L1(Ωl × V )) ∩ L∞(Ωl × [0, T ];L1(V )) and
w ∈ L∞(Ωg × [0, T ]) ∩ L∞([0, T ];L1(Ωg)) solve (8)-(13) in the sense of Definition
3.1. Set fl = f and g(x, v, t) = χw(x,t)(v). Then fl ∈ L∞([0, T ];L1(Ωl × V )) ∩
L∞(Ωl × [0, T ];L1(V )) and g ∈ L∞([0, T ];L1(Ωg × V )) ∩ L∞(Ωg × [0, T ];L1(V ))
solve in the sense of Definition 3.2 the system (34)-(42) for some m supported in
Ωg × [−Rg, Rg] × (0, T ) with Rg = ‖w‖L∞ .

(ii) Let fl ∈ L∞([0, T ];L1(Ωl × V )) ∩ L∞(Ωl × [0, T ];L1(V )) and g ∈ L∞([0, T ];
L1(Ωg × V )) ∩L∞(Ωg × [0, T ];L1(V )) solve (34)-(42). Set w(x, t) =

∫
V g(x, v, t)dv

and f = fl. Then w ∈ L∞(Ωg × [0, T ]) ∩ L∞([0, T ];L1(Ωg)) and (f, w) solves
(8)-(13) in the sense of Definition 3.1.

Remark 3.3. The kinetic formulation of the coupled system (8)-(13) given above is
inspired from the kinetic formulation of conservation laws with boundaries intro-
duced by the author in [27], which is in turn based on the generalization of kinetic
formulation introduced in [12] to conservation laws for domains with boundaries.

Proof of Theorem 3.1. We begin with the proof of (i). The construction of m, the
proof of its boundedness, and the proof that g and m satisfy Eq. (37) are similar
to those given in [12]. Therefore we refer to that paper and give detail only for the
new aspects of the formulation, which are related to the boundary and transmission
conditions.

Using Eq. (26) in Definition 3.1 we conclude that (fl, g) satisfies the first part
of Definition 3.2, i.e. Eq. (44). Now using Eq. (27) and the properties of χ,
we conclude that (fl, g) satisfies the second part of Definition 3.2, i.e. Eq. (45).
Finally, since (f, w) satisfies the initial condition (28), using (43) and the properties
of χ, (fl, w) satisfies the initial condition (46).

We now prove the second part of the theorem. Eq. (8) is clearly satisfied. On
the other hand

(47)

〈
∂g

∂t
+

d∑
i=1

ai(v) · ∂g
∂xi

, h⊗ 1

〉
= 0

∀h ∈ D(Ωg×(0, T ). Using the properties of χ, we conclude that Eq. (11) is satisfied
in the distribution sense.

We now wish to prove that the remaining requirements in Definition 3.1 are
satisfied. First, using Eq. (44), Eq. (26) is satisfied. To prove that Eq. (27) is
satisfied, we just use Eq. (45) and the properties of χ. Finally, since (fl, g) satisfies
the initial condition (46), using (43) and the properties of χ, (f, w) satisfies the
initial condition (28). The theorem is now proved. �

4. Analysis of the kinetic formulation

In this section we shall study the behavior of system (1)-(7), as the microscopic
scale in Ωg tends to 0. We prove that as ε→ 0, the solution of the coupled kinetic
system converges to a solution of system (34)-(42). The existence theory for the
system (8)-(13) will be deduced from Theorem 3.1 using the kinetic formulation of
the coupled system.
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In the sequel, we shall assume that Ωl = (0, l) and Ωg = (l, 1). It is not difficult
to generalize our proof to the case Ωl = (0, l) × R

d−1 and Ωg = (l, 1) × R
d−1.

Throughout the rest of this paper the terminology convergence of hε as ε→ 0 means
convergence up to a subsequence of hε, still denoted hε, and does not necessarily
mean convergence of the whole sequence. Also ess limz→0 will simply be denoted
by limz→0.

We first introduce a nondegeneracy assumption on the curve: v → a(v) in R
d.

This relation is needed in order to use regularity results for the averages. Assume
that the initial and boundary data satisfy

‖f0
ε ‖L1(Ωl×V ) < C1, ‖g0

ε‖L1(Ωg×V ) < C2,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C3, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C4,

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C5, ‖g0

ε‖L∞(Ωg×V ) < C6,

‖f0
ε ‖L∞(Ωl×V ) < C7, ‖gε1‖L∞(Γ−

2 ×[0,T ]) < C8

with C1, · · · , C8 positive constants independent of ε. Assume also that the initial
and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly supported in v ∈ V with

supports included in a fixed compact set independent of ε. Then by Lemma 2.2
uε resp. wε is uniformly bounded in L∞([0, T ];L1(Ωl)) resp. L∞([0, T ];L1(Ωg)),
and by Lemma 2.3 uε resp. wε is uniformly bounded in L∞(Ωl × [0, T ]) resp. in
L∞(Ωg × [0, T ]). Let R∞ denote the common bound of uε in L∞([0, T ];L1(Ωl))
and L∞(Ωl × [0, T ]) and of wε in L∞([0, T ];L1(Ωg)) and L∞(Ωg × [0, T ]). We then
make the following assumption on the curve a(·):
(48) meas{|v| < R∞, τ+a(v) ·ξ = 0} = 0 ∀(τ, ξ) ∈ R×Ωg such that τ2 +ξ2 = 1.

This condition was introduced in [12]. In the case d = 1 this relation is actually
stronger than a related condition introduced by Tartar [18]. For the description of
examples of fluxes A satisfying (48) and examples of fluxes A where this condition
fails, we refer to [12].

We begin with a compactness result for uε.

Theorem 4.1. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8

with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.
Finally assume that (48) hold. Then a subsequence of uε =

∫
R
fεdv (still denoted

uε) converges strongly in L1(Ωl × (0, T )) to a function u ∈ L1(Ωl × (0, T )).

The proof of this statement is based on the following averaging lemma.

Theorem 4.2. Let f ∈ Lq(Ωl × V × (0, T )), let

∂f/∂t+ a(v) · ∇xf ∈ Lq(Ωl × V × (0, T )), q > 1,

let f |t=0 = f0 ∈ L∞(Ωl×V ), and let f |(∂Ωl)− = fb ∈ L∞((∂Ωl)−×(0, T )). Assume
also that (48) is satisfied.
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Then
∫

V
fdv ∈ W s,q(Ωl × (0, T )) for any s, 0 < s < inf (1/q, 1 − 1/q), and

‖
∫

V

fdv‖W s,q ≤ C(fb, f
0)(‖f‖Lq + ‖∂f/∂t+ a(v) · ∇xf‖Lq).

When a(v) = v Theorem 4.2 is exactly the same as the averaging lemma given
in [9, 1] and proved in [9]. Therefore our lemma is a slight generalization of the
lemma in [9, 1]. The proof is similar to the proof given in [9].

Proof of Theorem 4.1. First, we observe that Lemmas 2.2-2.3 show that fε and
∂fε/∂t + a(v) · ∇xfε are uniformly bounded in Lq(Ω × V × (0, T )) for any q ≥ 1.
Lemma 2.1, together with the transmission condition (3) and the integral represen-
tation in Theorem 2.1, shows that fε|Γ−

i
is uniformly bounded in L∞(Γ−

i × (0, T )).
Moreover, we know by assumption that fε0 resp. f0

ε is uniformly bounded in
L∞(Γ−

1 × (0, T )) resp. L∞(Ωl × V ). Therefore we can use Theorem 4.2 and the
uniform boundedness of uε in L∞(Ωl × (0, T )) to infer that a subsequence of uε

(still denoted uε) converges in L1(Ωl × (0, T )) to a function u ∈ L1(Ωl × (0, T )).
This concludes the proof of the theorem. �

Theorem 4.3. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8

with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.
Finally assume that (48) holds. Then:

(i) A subsequence of fε (still denoted fε) converges in L∞ weak-� to a function
f ∈ L∞(Ωl × V × [0, T ]) and f satisfies Eq. (34).

(ii) A subsequence of fε (still denoted fε) converges strongly in L1(Ωl×V ×(0, T ))
to a function f ∈ L1(Ωl × V × (0, T )) and u =

∫
V
f .

The proof of the first point in (ii) of Theorem 4.3 relies also on the following
result [26].

Theorem 4.4. Let U be a bounded open subset of R
N and let vn be a sequence in

L1
loc(U). Assume that as n→ ∞, the sequence vn converges strongly in L1

loc(U) to
v ∈ L1

loc(U). If vn is uniformly bounded in L∞(U), then vn converges strongly to v
in L1(U).

Proof of Theorem 4.3. (i) Using Theorem 4.1 a subsequence of uε converges strongly
in L1(Ωl × (0, T )) to a function u. Hence by the properties of χ, χuε converges
strongly to χu in L1(Ωl × V × (0, T )). Using Lemma 2.1 a subsequence of fε (still
denoted fε) converges, as ε → 0, in L∞(Ωl × V × [0, T ]) weak-� to a function
f ∈ L∞(Ωl × V × [0, T ]). Moreover, (∂t + a(v) · ∂x)fε converges to (∂t + a(v) · ∂x)f
in the distribution sense. We also know from above and from the diagonal process
to subtract a further subsequence, if necessary, that a subsequence of χuε converges
as ε → 0 to χu strongly in L1(Ωl × V × (0, T )) and that f ∈ L∞(Ωl × V × [0, T ]).
Therefore f satisfies Eq. (34) a.e.
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(ii) The function fε satisfies Eq. (1). Subtracting this equation from Eq. (34),
and multiplying the resulting equation by ϕ, a test function in C1(Ωl ×V × [0, T ]),
with compact support in x to be made precise later, and integrating by parts, we
obtain ∫

Ωl×V

((fε − f)ϕ)(·, ·, t) −
∫

Ωl×V

((fε − f)ϕ)(·, ·, 0)

−
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ϕ)(fε − f)

=
1
εl

∫
Ωl×V ×(0,t)

((χuε − χu) − (fε − f))ϕ.(49)

We recall that the trace of f at the initial time exists since (∂t + a(v) · ∂x)f
and f are in L1 ∩ L∞. We then take ϕ = signµ(fε − f)ψ(x, t) with xsignµ(x) ≥ 0,
x ∈ R, where ψ is a nonnegative test function and signµ is a regularization of sign
function. Plugging in (49) and passing to the limit as µ→ 0, we obtain∫

Ωl×V

(|fε − f |ψ)(·, ·, t) +
1
εl

∫
Ωl×V ×(0,t)

|fε − f |ψ

=
1
εl

∫
Ωl×V ×(0,t)

(χuε − χu)sign(fε − f)ψ +
∫

Ωl×V

(|fε − f |ψ)(·, ·, 0)

+
∫

Ωl×V ×(0,t)

(∂t + a(v) · ∂x)(ψ)|fε − f |.(50)

In particular we have∫
O×V

(|fε − f |ψ)(·, ·, t) +
1
εl

∫
O×V ×(0,t)

|fε − f |ψ

=
1
εl

∫
O×V ×(0,t)

(χuε − χu)sign(fε − f)ψ(51)

+
∫

O×V ×(0,t)

(∂t + a(v) · ∂x)(ψ)|fε − f |

for any open set with Ō ⊂ Ωl, and ψ for any Lipschitz continuous function in
O × V × [0, T ] with compact support in x in O and such that ψ(., ., 0) ≡ 0.

Let U and O be open bounded subsets of Ωl such that Ū ⊂ O ⊂ Ō ⊂ Ωl. Let
ψ be a Lipschitz continuous function in O × V × [0, T ] with compact support in x
in O and satisfying ψ(., ., 0) ≡ 0, such that U ⊂ suppxψ ⊂ O. Then (52) holds for
such ψ and O.

We wish to prove that

(52)
∫

U×V

|fε − f |(·, ·, t) +
1
εl

∫
U×V ×(η,t)

|fε − f | →ε→0 0

for any t ∈ (0, T ] and any 0 < η < t ≤ T . It is enough to prove this relation for U of
the form U = (y−α, y+α), where α > 0 is any positive real such that 0 < y−α <
y+α < l. Let β > 0 and γ > 0 be such that 0 < y−α− β− γ < y+α+ β+ γ < l.
Let 0 < t1 < T be such that a∞t1 = β. Let O = (y−α−a∞t1−γ, y+α+a∞t1 +γ)
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and let t ∈ (0, t1]. Now consider the function

ψ1(x, τ) =




0 0 ≤ x < y − α− a∞(t− τ) − γ,
0 ≤ τ ≤ t,

1
γ (x− y + α+ a∞(t− τ)) + 1 y − α− a∞(t− τ) − γ ≤ x

< y − α− a∞(t− τ), 0 ≤ τ ≤ t,
1 y − α− a∞(t− τ) ≤ x < y + α

+a∞(t− τ), 0 ≤ τ ≤ t,
1
γ (y + α+ a∞(t− τ) − x) + 1 y + α+ a∞(t− τ) ≤ x < y + α

+a∞(t− τ) + γ, 0 ≤ τ ≤ t,
0 y + α+ a∞(t− τ) + γ ≤ x ≤ l,

0 ≤ τ ≤ t,

and
ψ2(x, τ) = e−

1
τ

Now let ψ(x, τ) = ψ1(x, τ)ψ2(x, τ), τ ∈ [0, t], and x ∈ Ωl. It is clear that ψ is a
nonnegative Lipschitz continuous function in O×V ×[0, T ] with compact support in
x in O and U ⊂ suppxψ ⊂ O. Thus, plugging ψ in (52) and using the fact that χuε

converges strongly in L1(Ωl × V × (0, T )) to χu yields (52) for t ∈ (0, t1]. Now let
t2 > t1 be such that a∞(t2 − t1) = β. Proceeding as above and using the fact that∫

U×V
|fε − f |(·, ·, t1) converges to 0 as ε→ 0, we conclude that

∫
U×V

|fε − f |(·, ·, t)
and 1

εl

∫
U×V ×(t1,t2) |fε−f | converge to 0 for any t ∈ (t1, t2]. Continuing this process

we conclude that
∫

U×V
|fε − f |(·, ·, t) and 1

εl

∫
U×V ×(η,T )

|fε − f | converge to 0 for
any t ∈ (0, T ] and any 0 < η < t ≤ T .

Therefore, fε converges in L1
loc(Ωl×(0, T );L1(V ))∩L∞([η, T ];L1

loc(Ωl;L1(V ))) to
f . Now using Lemma 2.3 suppvfε is included into a fixed compact set independent
of ε. Therefore, since fε converges to f in L1

loc and fε is uniformly bounded in
L∞(Ωl×V ×[0, T ]) (Lemma 2.1), we may use Theorem 4.4 to infer that fε converges
strongly to f in L1(Ωl × V × (0, T )).

Finally, since
∫
Ωl×(0,T ) |uε −

∫
V f | ≤

∫
Ωl×V ×(0,T ) |fε − f | and since the limit is

unique, u =
∫

V
f . The proof of the theorem is now completed. �

Remark 4.1. Notice that in the course of proving Theorem 4.3, we have proved that
fε converges strongly to f in L∞([η, T ];L1(Ωl × V )) for any 0 < η < T .

Theorem 4.5. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8

with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.
Finally assume that (48) holds. Then:

(i) A subsequence of wε =
∫

R
gεdv (still denoted wε) converges in L1

loc(Ωg×(0, T ))
to a function w.

(ii) The strong convergence in L1
loc is actually a strong convergence in L1.

(iii) A subsequence of gε (still denoted gε) converges in L∞(Ωg × V × (0, T ))
weak-� to a function g and g = χw.



2152 M. TIDRIRI

The proof of point (i) in Theorem 4.5 relies on an extension to domains with
boundaries of a compactness result introduced in [12]. This general compactness
result is a variant of compactness results shown in [7]. The extension result is given
in the following theorem.

Theorem 4.6. Let 1 < p ≤ 2, let g be bounded in Lp
loc(Ωg × Rv × (0, T )), let h

belong to a compact set of Lp(Ωg × Rv × (0, T )), and let r ≥ 0. We assume that g
satisfies

(53)
∂g

∂t
+

d∑
i=1

ai(v)
∂g

∂xi
= (−∆x,t + 1)1/2(−∆v + 1)r/2h in D′,

where a(·) ∈ Cs,α
loc with s = r, α = 1 if r is an integer, s = [r], and α = r − s if r

is not an integer. Let ψ ∈ Lp′
(Rv) with compact support. Finally, we assume that

a(·) satisfies (48). Then,
∫

R
gψdv belongs to a compact set of Lp

loc(Ωg × (0, T )).

The proof of this theorem relies on a slight modification of the proof of the
related result for the domain R

d × Rv × (0,∞). The proof of the result on the
domain R

d × Rv × (0,∞) is given in [12] and proved there; see also [7].
The proof of point (ii) in Theorem 4.5 relies on Theorem 4.4.

Proof of Theorem 4.5. (i) For the proof of point (i) of this theorem we follow [12];
see also [27] and refer to it for more details. We first notice that using Lemmas
2.1-2.2, gε is uniformly bounded in Lq(Ωg × V × (0, T )) for any q ≥ 1. Second, we
prove that we can write 1

ε (χwε(x,t)(v)−gε(x, v, t)) as ∂mε/∂v with mε a nonnegative
measure on Ωg ×Rv × (0, T ) bounded independently of ε > 0. By applying Sobolev
embeddings with p < (d+ 2)/(d+ 1), we conclude that mε is bounded in

W−s,p(Ωg × Rv × (0, T ))

for (d+ 2)/p′ < s < 1. Then ∂mε/∂v can be written in the form of the right-hand
side in (53) for r > 1 + (d+ 2)/p′. Taking ψ(v) = 1I[−R∞,R∞](v), we conclude the
proof of the first assertion in the theorem.

(ii) We now proceed in proving the second assertion. Using Lemma 2.3 and the
diagonal process to extract a further subsequence, if necessary, a subsequence of
wε converges in L∞ weak-� to a function w ∈ L∞(Ωg × [0, T ]). Therefore, since
Ωg × (0, T ) is bounded, we can use Theorem 4.4 and conclude that the strong L1

loc

convergence of wε is actually a strong L1 convergence.
(iii) Using Lemma 2.1 a subsequence of gε converges in L∞ weak-� to a function

g ∈ L∞(Ωg × V × [0, T ]). The fact that g = χw results from using equation (4),
the strong L1 convergence of χwε to χw (through (ii) above and the properties of
the function χ), the L∞ weak-� convergence of gε, and the uniqueness of the limit.
The theorem is now proved. �

Next we give some convergence properties of gε and their relations to those of
wε.

Theorem 4.7. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8
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with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.
Finally assume that (48) holds. Then

(i) For any real k,∫
V

|gε − χk|dv − |wε − k| →ε→0 0 in L1
loc(Ωg × (0, T )).

(ii) For any b(·) ∈ L∞(V ),∫
V

b(v)|gε − χk|dv − sgn(wε − k)
∫

V

b(v)(gε − χk)dv →ε→0 0 in L1
loc(Ωg × (0, T )).

(iii) ∫
V

|gε − χk|dv = |wε − k| = |w − k|.

(iv) ∫
V

ai(v)|gε − χk|dv = sgn(wε − k)
∫

V

ai(v)(gε − χk)

= sgn(w − k)(Ai(w) −Ai(k))

=
∫

V

ai(v)|χw − χk|.

Here the over bar notation indicates the L∞ weak-� limit.

Proof of Theorem 4.7. The proofs of (i) and (ii) are exactly the same as the proof
of Lemma 3.4 of [16]. The proofs of (iii) and (iv) are similar to the proofs of
(3.17), (3.18), and (3.19) of [16]. In [16], the authors make the assumption that
a subsequence of wε (in their notations uε) converges strongly to w: wε → w (in
their notations uε → u; see (3.9) in [16]). Here we know from Theorem 4.5 that wε

converges strongly in L1(Ωg ×V ×(0, T )) to w. Hence in our case the use of (3.9) in
[16] must be replaced by the use of Theorem 4.5. Also in our case the justification
of the weak-� L∞-limit of the various quantities (after extraction of appropriate
subsequences, if necessary) results from Lemmas 2.1 and 2.3. �

Next, we state a result about the existence of a solution to the kinetic formulation
of the coupled system given in (34)-(42).

Theorem 4.8. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8

with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.



2154 M. TIDRIRI

Finally assume that (48) hold and that as ε→ 0,

‖g0
ε (·, ·) − χw0(·)(·)‖L1

loc(Ωg×L1(V )) → 0,(54)

f0
ε → f0 strongly in L1(Ωl × V ),(55)
a(v) · nfε0 → a(v) · nf0 weakly in L1(Γ−

1 × (0, T )),(56)

a(v) · ngε1 → a(v) · ng1 = a(v) · nχw1 strongly in L1(Γ−
2 × (0, T )).(57)

Then fε converges strongly in L1(Ωl × V × (0, T )), as ε goes to 0, to f , and gε

converges in L∞(Ωg ×V × (0, T )) weak-� to g, and (f, g) is a solution of the system
(34)-(42) in the sense of Definition 3.2.

Remark 4.2. A fundamental point in Definitions 3.1 and 3.2 of solutions to the cou-
pled systems is the precise statement of the interface conditions between the kinetic
model and its hydrodynamic conservation laws limit. The rigorous derivation and
justification of such interface conditions is given in the following theorems.

Theorem 4.9. For any ψ1 ∈ C1
0 (Ω̄l × V × (0, T )) and for any k ∈ R, we have

limε→0

∫
Γ+

i ×(0,T )

a(v) · nψ1|fε − χk| =
∫

Γ+
i ×(0,T )

a(v) · nψ1|f − χk|.(58)

Theorem 4.10. For any ψ2 ∈ C1
0 (Ω̄g × V × (0, T )), we have

limε→0

∫
Γ−

i ×(0,T )

a(v) · nψ2gε =
∫

Γ−
i ×(0,T )

a(v) · nψ2χw.(59)

The proofs of Theorems 4.9-4.10 will be given at the end of this section. The
proof of Theorem 4.10 relies on a new regularity theory introduced in this paper;
see also the author’s papers [27, 25].

Remark 4.3. Theorem 4.8 is obtained under various assumptions including the
assumption that the data f0

ε , fε0, g
0
ε , and gε1 are compactly supported in v. In fact

this theorem is also valid when these data are not necessarily compactly supported
in v. The proof is based on a BV-regularization argument.

Proof of Theorem 4.8. Using Theorems 4.1, 4.3, and 4.5, a subsequence of fε, uε,
and wε (still denoted fε, uε, and wε) converges strongly in L1 resp. to f , u, and
w. Now using Theorem 4.5 a subsequence of gε (still denoted gε) converges in L∞

weak-� to g = χw. It is clear that

(f, g) ∈ (L∞([0, T ];L1(Ωl × V )) ∩ L∞(Ωl × [0, T ];L1(V )))

× (L∞([0, T ];L1(Ωg × V )) ∩ L∞(Ωg × (0, T );L1(V ))).

We shall first prove that the first assertion in Definition 3.2 is satisfied; that
is, we wish to prove that Eq. (37) is satisfied. Using the above we know that
[∂t + a(v) · ∂x]gε(x, v, t) converges to [∂t + a(v) · ∂x]g(x, v, t) in the distribution
sense. Proceeding as in the proof of Theorem 4.5 and following [12] (see also [27])
we can write 1

ε (χwε(x,t)(v)− gε(x, v, t)) as ∂mε/∂v with mε a nonnegative measure
on Ωg × Rv × (0, T ) bounded independently of ε > 0 and which converges to the
unique measure m given in (37); i.e.

(60) [∂t + a(v) · ∂x]g(x, v, t) =
∂m

∂v
in Ωg × V × (0, T ).
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Hence the equation (37) is satisfied. We now prove the second part in Definition
3.2. Using Theorem 2.2, we have

−
∫

Ωg×V ×(0,T )

(∂t + a(v) · ∂x)(ψ2)|gε − χk| +
∫

Γ+
i ×(0,T )

a(v) · ngψ2|fε − χk|

+
∫

Γ−
2 ×(0,T )

a(v) · ngψ2|gε1 − χk| ≤ 0 ∀ψ2 ∈ C1
0 (Ω̄g × (0, T )), ψ2 ≥ 0, ∀k ∈ R.

Using Theorems 4.5, 4.7, and 4.9, and (57), and letting ε → 0 in the above
inequality, we obtain

−
∫

Ωg×V ×(0,T )

(∂t + a(v) · ∂x)(ψ2)|g − χk| +
∫

Γ+
i ×(0,T )

a(v) · ngψ2|f − χk|

+
∫

Γ−
2 ×(0,T )

a(v) · ngψ2|χw1 − χk| ≤ 0 ∀ψ2 ∈ C1
0 (Ω̄g × (0, T )), ψ2 ≥ 0, ∀k ∈ R

with g = χw.
For the local problem (problem in Ωl) we know that f satisfies (34); see Theorem

4.3. On the other hand fε satisfies for any ψ1 ∈ C1
0 (Ω̄l × V × (0, T ))

−
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)fε +
∫

Γ−
1 ×(0,T )

a(v) · nψ1fε0

+
∫

Γ+
1 ×(0,T )

a(v) · nψ1fε +
∫

Γ−
i ×(0,T )

a(v) · nψ2gε

+
∫

Γ+
i ×(0,T )

a(v) · nψ2fε =
1
εl

∫
Ωl×V ×(0,T )

(χuε − fε)ψ1.(61)

Using Theorems 4.1 and 4.3, together with the properties of χ, the first term
converges to

(62) −
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)f

and the right side in (61) converges to

(63)
1
εl

∫
Ωl×V ×(0,T )

(χu − f)ψ1.

Using (56), the second term in (61) converges to

(64)
∫

Γ−
1 ×(0,T )

a(v) · nψ1f0.

Now let ψ1 ∈ C1
0 (Ω̄l ×V × (0, T )) be such that ψ1 ≡ 0 on Γ1 ×V × (0, T ) and on

Γ−
i × (0, T ). Multiplying equation (34) by ψ1 and integrating by parts, we obtain∫

Γ+
i ×(0,T )

a(v) · nψ1f =
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)f

+
1
εl

∫
Ωl×V ×(0,T )

(χu − f)ψ1.(65)
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On the other hand multiplying Eq. (1) by ψ1 and integrating by parts, we obtain∫
Γ+

i ×(0,T )

a(v) · nψ1fε =
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)fε

+
1
εl

∫
Ωl×V ×(0,T )

(χuε − fε)ψ1.(66)

Thanks to (62) and (63), letting ε→ 0 in (66) and using (65), we obtain

(67) limitε→0

∫
Γ+

i ×(0,T )

a(v) · nψ1fε =
∫

Γ+
i ×(0,T )

a(v) · nψ1f.

By a similar method, we obtain

(68) limitε→0

∫
Γ+

1 ×(0,T )

a(v) · nψ1fε =
∫

Γ+
1 ×(0,T )

a(v) · nψ1f.

Using the transmission condition (3) and Theorem 4.10, we obtain

(69) limitε→0

∫
Γ−

i ×(0,T )

a(v) · nψ1fε =
∫

Γ−
i ×(0,T )

a(v) · nψ1χw.

Thus, letting ε → 0 in (61) and using (62), (64), (63), (67), (68), and (69), we
obtain

−
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)f +
∫

Γ−
1 ×(0,T )

a(v) · nψ1f0

+
∫

Γ+
1 ×(0,T )

a(v) · nψ1f +
∫

Γ−
i ×(0,T )

a(v) · nψ1χw

+
∫

Γ+
i ×(0,T )

a(v) · nψ1f =
1
εl

∫
Ωl×V ×(0,T )

(χu − f)ψ1.(70)

Finally, thanks to the L1 strong convergence of fε and assumption (55), f satisfies
the initial condition in (42). Now set w0

ε =
∫

V g
0
ε . Since g0

ε satisfies condition
(54) and the support in x of g0

ε is included in a fixed compact set independent
of ε and g0

ε is uniformly bounded in L∞(Ωg × V ), we may use Theorem 4.4 to
infer that g0

ε converges strongly to χw0 in L1(Ωg × V ). Thus, by the properties
of χ, w0

ε converges strongly to w0 in L1. Moreover, we know from Theorem 4.5
that wε strongly converges in L1 to w. We then conclude that w(·, 0) = w0(·)
and by the properties of χ and Theorem 4.5(iii), g(·, ·, 0) = χw0(·)(·). Hence, g
satisfies the initial condition in (42). Therefore (f, w) is an entropic solution in the
sense of Definition 3.2 to the system (34)-(42). The proof of the theorem is now
complete. �

Proof of Theorem 4.9. Let ψ1 ∈ C1
0 (Ω̄l × V × (0, T )) be such that ψ1 ≡ 0 on Γ−

i ×
(0, T ) and ψ1 ≡ 0 on Γ1 × V × (0, T ). Using Theorem 2.2 we have∫

Γ+
i ×(0,T )

a(v) · nψ1|fε − χk|

=
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)|fε − χk|

+
1
εl

∫
Ωl×V ×(0,T )

(χuε − fε)ψ1sign(fε − χk) ∀k ∈ R.(71)
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Using Theorems 4.1 and 4.3 together with the properties of χ, the right side in
(71) converges as ε→ 0 to∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)|f − χk|

+
1
εl

∫
Ωl×V ×(0,T )

(χu − f)ψ1sign(f − χk) ∀k ∈ R.(72)

Since f satisfies Eq. (34) (Theorem 4.3) we can define the trace of f and apply
Green’s formula to equation (34) (Theorems 2.3 and 2.4). Proceeding as in the
proof of Theorem 2.2 (see also [25]) we also have∫

Γ+
i ×(0,T )

a(v) · nψ1|f − χk|

=
∫

Ωl×V ×(0,T )

(∂t + a(v) · ∂x)(ψ1)|f − χk|

+
1
εl

∫
Ωl×V ×(0,T )

(χu − f)ψ1sign(f − χk) ∀k ∈ R.(73)

Therefore taking the limit as ε→ 0 in (71) and using (72) and (73) we obtain

limε→0

∫
Γ+

i ×(0,T )

a(v) · nψ1|fε − χk| =
∫

Γ+
i ×(0,T )

a(v) · nψ1|f − χk|(74)

which corresponds to (58). �
Proof of Theorem 4.10. The proof is split into 5 steps.
Step 1. We give the equation satisfied by the function g.

We already know that gε is uniformly bounded in L1 and L∞ (Lemmas 2.1,
2.2, and 2.3) and the limit g = χw (see Theorem 4.5(iii)) is in L1. Moreover,
[∂t + a(v) · ∂x]gε(x, v, t) converges to [∂t + a(v) · ∂x]g(x, v, t) in the distribution
sense. Proceeding as in [12] and [27], we can write 1

ε (χwε(x,t)(v) − gε(x, v, t)) as
∂mε/∂v and equation (4) in the form

(75) [∂t + a(v) · ∂x]gε(x, v, t) =
∂mε

∂v
in Ωg × V × (0, T )

with mε a nonnegative measure on Ωg ×V × (0, T ) bounded independently of ε > 0
and which converges to the unique measure m given by

(76) [∂t + a(v) · ∂x]g(x, v, t) =
∂m

∂v
in Ωg × V × (0, T )

and whose support in the variable v ∈ V is included by Lemma 2.3 in a compact
set of V [−R0, R0] (since the supports of the measures mε are included by the
same lemma in a fixed compact set independent of ε). In fact, we can deduce from
the above equation and the form of g that the support in v ∈ V of m is actually
included in [−R̃, R̃], where R̃ = ‖w‖∞. For more on this consult [12]. We shall
take R = max(R0, R̃); then the support of mε, gε, χwε and m are all contained in
the fixed compact set [−R,R].
Step 2. We prove the existence of the normal trace of the flux ga(v) on the
boundary.

Let ψ ∈ C1
0 (Ω̄g × (0, T )) with ψ ≡ 0 on Γ2 × (0, T ) and

V − = {v ∈ V : a(v) · ng(x) > 0 for some x ∈ Γi}.
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Notice that Γi × V − = Γ−
i .

Let ϕ ∈ C1
0 (V ) with ϕ ≡ 0 on V \V − be fixed. Let F = (

∫
V gϕ,

∫
V a1(v)gϕ, · · · ,∫

V
ad(v)gϕ). It is clear from the proof of Theorem 4.5 that F ∈ L∞(Ωg × (0, T )).

We shall prove that divt,xF = ∂t

∫
V
gϕ+

∑d
i=1 ∂xi

∫
V
ai(v)gϕ is a bounded measure.

Let ψ ∈ C1
0 (Ωg × (0, T )). Using Eq. (76), we obtain

〈[∂t + a(v) · ∂x]g, ϕ⊗ ψ〉 = −
∫

Ωg×V ×(0,T )

∂vϕψdm.(77)

Thus we have

〈divt,xF, ψ〉 = −
∫
∂vϕψdm.(78)

Since m is a bounded measure on Ωg × V × (0, T ) and ∂vϕ ∈ C0(V ), divt,xF is
also a bounded measure on Ωg × (0, T ). Now F ∈ L∞(Ωg × [0, T ]) and divt,xF is a
bounded measure. Therefore, we can apply the Gauss-Green formula of Theorem
2.5 with U = Ωg × (0, T ) and we obtain in particular

〈F · ν|∂U , ψ〉 =
∫

U

ψdivt,xF +
∫

U

∇t,xψ · F ∀ψ ∈ C1
0 (Ω̄g × (0, T ))

= ess limitz→0

∫
∂Uz

ψ ◦ Ψ−1
z F · νdH1.

Here ∇t,x = (∂t, ∂x) and ν(u) is the unit outward normal to ∂Uz at u ∈ ∂Uz.
This is equivalent to

−
∫

Ωg×V ×(0,T )

∂vϕψdm+
∫

Ωg×V ×(0,T )

gϕ[∂t + a(v) · ∂x]ψ

= ess limitz→0

∫
∂Uz

ψ ◦ Ψ−1
z F · νdH1.

Taking ψ ∈ C1
0 (Ω̄g×(0, T )) with ψ ≡ 0 on ∂U \(Γi×(0, T )), the above equations

yield

−
∫
∂vϕψdm+

∫
Ωg×V ×(0,T )

gϕ[∂t + a(v) · ∂x]ψ(79)

= 〈F · ν|Γi×(0,T ), ψ〉
= ess limitz→0

∫
Ψ((Γi×(0,T ))×{z})

ψ ◦ Ψ−1
z F · νdH1

= ess limitz→0

∫
Ψ((Γi×(0,T ))×{z})×V

ψ ◦ Ψ−1
z ϕgã(v) · νdH1,(80)

where ã(v) = (a0(v), a(v)) = (1, a(v)).

Step 3. We prove the convergence of the traces on Γ−
i × (0, T ).

Using the integral representation Theorem 2.1, we infer that gε converges L∞

weakly star on Γ−
i × (0, T ) to a function g̃ ∈ L∞(Γ−

i × (0, T )). Hence, we have

(81) limε→0

∫
Γ−

i ×(0,T )

a(v) · nφgε =
∫

Γ−
i ×(0,T )

a(v) · nφg̃, ∀φ ∈ L1(Γ−
i × (0, T )),
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where we have also used Lemmas 2.3. In particular, we have

limε→0

∫
Γ−

i ×(0,T )

a(v) · nϕψgε =
∫

Γ−
i ×(0,T )

a(v) · nϕψg̃(82)

∀ϕ ∈ C1
0 (V ), with ϕ ≡ 0 on V \ V −, and ∀ψ ∈ C1

0 (Ω̄g × (0, T )).

Step 4. Let ψ ∈ C1
0 (Ω̄g × (0, T )) with ψ ≡ 0 on (∂Ωg × (0, T )) \ (Γi × (0, T )). It is

clear that applying Theorem 2.4 to equation (4) for gε, we obtain∫
Ωg×V ×(0,T )

ϕψ[∂t + a(v) · ∂x]gε +
∫

Ωg×V ×(0,T )

gεϕ[∂t + a(v) · ∂x]ψ

= −
∫

Ωg×V ×(0,T )

∂vϕψdmε +
∫

Ωg×V ×(0,T )

gεϕ[∂t + a(v) · ∂x]ψ(83)

=
∫

Γ−
i ×(0,T )

a(v) · nϕψgε.(84)

In this step, we shall prove that the expression in (83) converges to the expression
in (79). It is enough to prove such statement for ψ ∈ C1

0 (Ω̄g × (0, T )) of the form
ψ(x, t) = ψ̃(x)φ(t) with ψ̃(x) ∈ C1

0 (Ω̄g) and φ(t) ∈ C1
0 (0, T ).

We shall split the proof into six steps.

4.1. Let G denote the flux G(x) =
∫

V ×(0,T )
ϕ(v)φ(t)ga(v)dvdt on Ωg. Eq. (76)

yields

(85) ∂xG = −
∫

V ×(0,T )

∂vϕ(v)φ(t)dm +
∫

V ×(0,T )

ϕ(v)∂tφ(t)g in D′(Ωg),

where ϕ(v) ∈ C1
0 (V ) with ϕ ≡ 0 on V \ V − and φ(t) ∈ C1

0 (0, T ). Similarly, let
Gε denote the flux Gε(x) =

∫
V ×(0,T )

ϕ(v)φ(t)gεa(v)dvdt. By Lemma 2.2, Gε is
uniformly (in ε) bounded in L1(Ωg). Eq. (75) yields

(86) ∂xGε = −
∫

V ×(0,T )

mε∂vϕ(v)φ(t) +
∫

V ×(0,T )

ϕ(v)∂tφ(t)gε in D′(Ωg).

Now the first term in the right-hand side of (86) is a bounded measure thanks to
the fact that φ(t) is of compact support in t ∈ (0, T ), ∂vϕ(v) is of compact support
in v ∈ V , and mε is a bounded measure. Thanks to Lemma 2.2, the second term is
a function uniformly (in ε) bounded in L1(Ωg). Thus, the distributional derivative
of Gε is a bounded measure and hence Gε is of bounded variation in Ωg. In fact,
the right-hand side of (86) is also equal to∫

V ×(0,T )

∂vmεϕ(v)φ(t) +
∫
×V ×(0,T )

ϕ(v)∂tφ(t)gε

which is a function in L1(Ωg) since ∂vmε = 1
ε (χwε − gε) and both χwε and gε are

in L1 (see Step 1). Then Gε is a function of one variable (recall that we assumed
d = 1 and Ωg = (l, 1)) whose distributional derivative is also a function. Therefore,
Gε is an absolutely continuous function [17].
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4.2. We prove that ∂xGε is uniformly bounded in L1(Ωg).
Using the fact that ∂xGε is a function and (86) we have

(87)
∫

Ωg

|∂xGε| ≤
∫

Ωg×V ×(0,T )

mε|∂vϕ(v)φ(t)| +
∫

Ωg×V ×(0,T )

|ϕ(v)∂tφ(t)gε|.

Using the positiveness and uniform boundedness of the measures mε, Lemma
2.2, and the definition of the functions ϕ(v) and φ(t), the right-hand side in the
inequality above is uniformly (in ε) bounded and so is the left-hand side.

4.3. Let P denote an extension operator from W 1,1(Ωg) to W 1,1(R). We shall
prove that for any β ∈ L1(R) with compact support, β � ∂xPGε converges to
β � ∂xPG strongly in L1(R). Such an extension operator P exists [3]. Here we use
the same operators P constructed in [3].

Let H = PG and Hε = PGε (from Step 4.1 above we know that Gε is in
W 1,1(Ωg)). Using Steps 4.1 and 4.2, the definition of P , and its properties, we
know that ∂xHε is uniformly bounded in L1(R) and its support is included in a
fixed compact set [−R1, R1] for some R1 > 0 independent of ε. Then the set

B = {∂xHε, ε > 0}
is a bounded subset of L1(R). Let β(x) ∈ L1(R) with compact support Kβ ⊂ R.
We shall prove that the set

F = {β � ∂xHε, ε > 0}
is relatively compact in L1(ω), for all ω open bounded set of R. The notation �
refers to the convolution of two functions.

Let ω be an open bounded set of R such that ω contains [−R1, R1] +Kβ. This
implies that ω contains the support of the convolution β � ∂xHε. Then we know
that (a subsequence of) β � ∂xHε →ε→0 h

β,ω in L1(ω) for some function hβ,ω ∈
L1(ω). Because of the restriction above on the supports and the definition of ω,
the convergence takes place actually in L1(R). We then simply denote hβ,ω by hβ.

We now wish to prove that hβ = β � ∂xH in the distribution sense.
Let α(x) ∈ D(R) be such that α ≡ 1 on [−R1, R1]. Let η(x) ∈ D(R); we have

〈(β � ∂xHε)x, η(x)〉 = 〈βy ⊗ (∂xHε)x, η(y + x)〉
= 〈βy ⊗ (∂xHε)x, (α(x)η(y + x))〉
=

∫
y∈R

β(y)
∫

R

α(x)η(y + x)∂xHεdxdy

= −
∫

y∈Kβ

β(y)〈Hε, ∂x(α(x)η(y + x))〉dy.(88)

The notation 〈Tx, η(y + x)〉 above simply refers to the fact that the distribution
T is applied to the function θ(x) = η(y+x). It is not to be confused with the partial
derivative with respect to x, which we denote throughout this paper by ∂xT .

Thanks to the uniform boundedness of Gε in L1(Ωg) (see the beginning of Step
4.1) and the properties of the extension operator P , the expression

〈Hε, ∂x(α(x)η(y + x))〉 =
∫
Hε∂x(α(x)η(y + x))dx
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is uniformly (in ε) bounded. On the other hand Theorem 4.5 shows that∫
Ωg

Gε∂x(α(x)η(y+x))dx =
∫

Ωg×V ×(0,T )

gεa(v)ϕ(v)φ(t)∂x(α(x)η(y + x))dvdtdx

→ε→0

∫
Ωg×V ×(0,T )

ga(v)ϕ(v)φ(t)∂x(α(x)η(y + x))dvdtdx

=
∫

Ωg

G∂x(α(x)η(y + x))dx.

Hence using the explicit definition of the extension operator P , we have

〈Hε, ∂x(α(x)η(y + x))〉 =
∫

R

Hε∂x(α(x)η(y + x))dx

converges as ε→ 0 to∫
R

H∂x(α(x)η(y + x))dx = 〈H, ∂x(α(x)η(y + x))〉.

Therefore, since β ∈ L1(R) with compact support, we can use the dominated
convergence theorem to conclude that the right-hand side in (88) converges to

−
∫

y∈Kβ

β(y)〈H, ∂x(α(x)η(y + x))〉dy =
∫

y∈R

β(y)〈∂xH, (α(x)η(y + x))〉dy

= 〈(β � ∂xH)x, η(x)〉.(89)

On the other hand, using the distributional definition of the convolution for
β � ∂xHε and the fact that β � ∂xHε converges to hβ in L1(R), together with (89),
we obtain

〈hβ , η〉 = 〈β � ∂xH, η〉.(90)

This shows that the convolution (of two distributions) β � ∂xH is a function in
L1(R) equal to hβ . Hence for any β ∈ L1(R) with compact support we have proved
that β � ∂xHε converges in L1(R) to hβ = β � ∂xH .

4.4. We prove that the distribution ∂xH is actually a measure.
Step 4.3 above implies in particular that for any β ∈ L1(R) with compact sup-

port, β � ∂xH is a function in L1(R). Hence β � ∂xH defines a measure on R.
We shall prove that the distribution ∂xH is actually a measure. This results from

the fact that if T is a distribution such that ∀β ∈ L1(R) with compact support,
T � β is a measure, then T is itself a measure [17].

4.5. We prove that

limitε→0

∫
Ωg

ψ̃(y)(∂xGε(y) − ∂xG(y))dy = 0(91)

∀ψ̃ continuous bounded function on Ωg.

In the previous steps 4.3 and 4.4, we proved that hβ = β � ∂xH in the classical
sense and that ∂xH is a measure. Denote µ as the measure µ = ∂xH . Then we
know from the definition of the convolution of a function and a measure that the
function β � µ(x) = β � ∂xH is given by

β � µ(x) =
∫

R

β(x− y)dµ(y) =
∫

R

β(x − y)∂xH(y)dy.
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(Recall that β is of compact support.) In the previous Steps 4.3 and 4.4, we
proved that for any β ∈ L1(R) with compact support, we have β � ∂xHε →ε→0 h

β

in L1(R). In other words, we have

limitε→0

∫
R

|β � ∂xHε − hβ |dx

= limitε→0

∫
R

|β � ∂xHε − β � ∂xH |dx

= limitε→0

∫
R

|
∫

R

β(x − y)∂xHε(y)dy −
∫

R

β(x − y)∂xH(y)dy|dx
= 0.(92)

Then

(93) limitε→0(
∫

R

β(x−y)∂xHε(y)dy−
∫

R

β(x−y)∂xH(y)dy) = 0, for a.e. x ∈ R.

Let x = γ be a point at which such limit exists and is 0. Let ψ̃(y) be a continuous
bounded function on Ω̄g = [l, 1]. Let β(z) = ψ̃(γ−z) for (γ−z) ∈ [l, 1] and β(z) = 0
otherwise. Then β ∈ L1(R) and has a compact support. Therefore, plugging this
β in (93), we obtain

limitε→0

∫
Ωg

ψ̃(y)(∂xHε(y) − ∂xH(y))dy = 0.(94)

Now the definition of the extension operator [3] yields ∂xHε(y) = ∂xGε(y) and
∂xH(y) = ∂xG(y) on Ωg. Thus, we obtain (91).

4.6. Now combining Step 4.5, Theorem 4.5(iii), and (85)-(86), we conclude that

limitε→0

∫
Ωg×V ×(0,T )

ψ̃(y)∂vϕ(v)φ(t)dmε =
∫

Ωg×V ×(0,T )

ψ̃(y)∂vϕ(v)φ(t)dm

∀ψ̃ continuous bounded function on Ωg.(95)

In particular, (95) is valid for any function ψ̃ ∈ C1
0 (Ω̄g). Using this, we conclude that

the expression in (83) converges to the expression in (79) for any ϕ(v) ∈ C1
0 (V ) with

ϕ ≡ 0 on V \ V − and any ψ ∈ C1
0 (Ω̄g × (0, T )) of the form ψ(x, t) = ψ̃(x)φ(t). By

the remark at the beginning of Step 4, this convergence takes place for all functions
ϕ(v) ∈ C1

0 (V ) with ϕ ≡ 0 on V \ V − and all functions ψ(x, t) ∈ C1
0 (Ω̄g × (0, T )).

This concludes the proof of our claim.
Step 5. Here we conclude the proof.

Using the above convergence in (84) and (80), we obtain

limitε→0

∫
Γ−

i ×(0,T )

a(v) · nϕψgε(96)

= limitε→0

∫
Γi×V −×(0,T )

a(v) · nϕψgε

= ess limitz→0

∫
Ψ((Γi×(0,T ))×{z})

ψ ◦ Ψ−1
z F · νdH1

= ess limitz→0

∫
Ψ((Γi×(0,T ))×{z})×V −

ψ ◦ Ψ−1
z ϕgã(v) · νdH1.
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Since ϕ ∈ C1
0 (V ) and ψ ∈ C1

0 (Ω̄g × (0, T )) are arbitrary functions with ϕ ≡ 0 on
V \ V − and ψ ≡ 0 on ∂(Ωg × (0, T )) \ (Γi × (0, T )), (96) and (82) show that g̃ is
the weak trace of g on Γ−

i × (0, T ) = Γi × V − × (0, T ). Moreover, this weak trace
satisfies (81), which therefore yields the theorem. �

5. Analysis of the coupled kinetic/conservation laws system

In this final section, we state a result about the existence of an entropic solution
to the coupled kinetic/conservation laws system (8)-(13) in the sense of Definition
3.1.

Theorem 5.1. Assume that

‖fε0‖L∞(Γ−
1 ×[0,T ]) < C1, ‖g0

ε‖L∞(Ωg×V ) < C2, ‖f0
ε ‖L∞(Ωl×V ) < C3,

‖gε1‖L∞(Γ−
2 ×[0,T ]) < C4, ‖f0

ε ‖L1(Ωl×V ) < C5, ‖g0
ε‖L1(Ωg×V ) < C6,

‖a(v) · nlfε0‖L1(Γ−
1 ×(0,T )) < C7, ‖a(v) · nggε1‖L1(Γ−

2 ×(0,T )) < C8

with Ci, i = 1, · · · , 8, positive constants independent of ε.
Assume also that the initial and boundary data f0

ε , fε0, g0
ε , and gε1 are compactly

supported in v ∈ V with supports included in a fixed compact set independent of ε.
Finally assume that (48) holds and that as ε→ 0,

‖g0
ε (·, ·) − χw0(·)(·)‖L1

loc(Ωg×L1(V )) → 0,

f0
ε → f0 strongly in L1(Ωl × V ),
a(v) · nfε0 → a(v) · nf0 weakly in L1(Γ−

1 × (0, T )),

a(v) · ngε1 → a(v) · ng1 = a(v) · nχw1 strongly in L1(Γ−
2 × (0, T )).

Then there exists an entropic solution to the system (8)-(13) in the sense of
Definition 3.1.

Remark 5.1. Following Remark 4.3, Theorem 4.8 is valid also when the initial and
boundary data are no longer compactly supported in v. Therefore by the use of
Theorem 3.1 on the equivalence between the kinetic and the entropic formulations
and Theorem 4.8, Theorem 5.1 is also valid when the boundary and initial data are
not necessarily compactly supported in v.

Proof of Theorem 5.1. This theorem is an immediate consequence of Theorem 4.8
and the kinetic formulation of the coupled system (8)-(13) given in Theorem 3.1. �
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